Lateral Distribution of Concentrated Loads on Multibeam Highway Bridges by Arya, A.S. et al.
N. M. NEWl"vlARK 
J 
.• VIL ENGINEERING STUDIES 
.opyL STRUCTURAL RESEARCH SERIES NO. 213 
Ketz Reference Room 
Civil Engineering Department; 
.BI06 C. E. Building 
University of Illinois 
Urbana, Illinois 61801. 
DI~-r 
, 
LATERAL DISTRIBUTION _ OFCDNCENTRATED ~OADS 
ON MULTIBEAM \HIGHWAY BRIDGES 
( 
by 
~ ~j KHAeHATU"RIAN" 
UNIVERSITY OF ILLINOIS 
'URBANA, ILLINOIS 
MAY 1960 
: ,~""::: 
,. .. 

LATERAL DISTRIBUTION OF CONCENTRATED LOADS 
ON MULTIBEAM HIGHWAY BRIDGES 
Based on a Thesis by 
A. S. Arya 
Graduate Student in Civil Engineering 
under the direction of 
N. Khachaturian 
Professor of Civil Engineering 
and 
Co P. Siess 
Professor of Civil Engineering 
UNIVERSITY OF ILLINOIS 
URBANA, ILLINOIS 
MAY 1961 

ACKNOWLEDGEMENT 
The research work reported herein was carried out in the Department 
of Civil Engineering at the University of Illinois as a Ph.D. thesis under 
the direction of Dr. C. P. Siess; ProfessQr of Civil Engineering. Immediate 
supervision and guidance was provided by Dr. N. Khachaturiall) Professor of 
Civil Engineering. 
Exchange of ideas regarding the theoretical aspects of the study 
with Dr. A. R. Robinson} Associate Professor of Civil Engineering) proved 
of great value. 
The numerical results were obtained on the ILLIAC, the University 
of Illinois Computer. The computer staff was very cooperative and helpful. 
Invaluable help was given by Mr. So J. Fenves, Instructor in Civil Engineering) 
in connection with the programming. 
Mr. Arya was provided with a scholarship by the International 
Cooperation Adnrinistration} Washington, Do CO} and with a leave of absence 
by the University of Roorkee, Roorkee) India for advanced work in Civil 
Engineering. 
The invaluable help and encouragement of those acknowledged is 
greatly appreciated. 

iv 
TABLE OF CONTENTS 
ACKNQWLEIX}EMENT . . c • • • • I. 
LIST OF TABLES 
LIST OF FIGURES 
I. 
II. 
INTRODUCTION. 0 
10 Introduction 0 
2. Object and Scope .. 
3. Outline of the Thesis 
4. Notation. 
METHOD OF ANALYSIS • .0' 0 • 0 
5. Historical Review 
6. Basic Assumptions 
7. Coordinate Axes and Sign Convention 
8. External Loads .. 0 0 0 • 
9. Equations of EquilibrilUll . 
10. Conditions of Continuity 
11. Simultaneous Equations at a Joint 
12. Stresses in Beams 
13. Simultaneous Equations at a Joint in Terms of 
Dimensionless Parameters a 0 0 
III. STUDY OF VARIABLES 
14. The Variables 
15. Mechanical Properties, E and G 
16. Geometrical Properties of Beam Cross-Section 0 
1 7 . Number of Beams 
18. External Loading 0 • 
19· Range of Variation of Parameters . 
20. Approximate Relationships Among Parameters 
Page 
iii' 
vii 
ix 
1 
1 
2 
3 
5 
11 
II 
l2 
13 
l4 
15 
2l 
22 
23 
25 
28 
28 
28 
29 
32 
33 
34 
35 
IV. 
V. 
VI. 
v 
TABLE OF CONTENTS (Continued) 
DErERMINATION OF MOMENTS IN BEAM ELEMENTS 
21. Form of Equations to be Solved 0 
41 
41 
22. Form of Presentation of Moments 42 
23 . Prograrmning for High Speed Digital Computer 44 
24. Convergence of MOment Terms 44 
25. Distribution of Correction Moments for Sum to Infinity 47 
260 Probable Maximum Error in Beam Moments 49 
EFFECT OF VARIATION OF PARAMN.rERS ON MOMENTS 
27. Parameter Combinations .. 9 •• 0 0 • 
28. Effect of Variation of Parameters 
290 Conclusions 
MAXIMUM MOMENTS AND DISTRIBUTION OF WHEEL LOADS . 
30. Parameter Combinations ..... 
31. Influence Lines for Beam Moments 
32. Standard Truck Loading . 
33. Positioning of the Loads for Maximum MOments. 
34. ~mum Moments 
35. Simplified Formulas for Design . 
52 
52 
52 
53 
55 
55 
56 
59 
60 
VII. SUMMARY AND CONCLUSIONS 0 • 
60 
65 
68 
VIII. REFERENCES 
TABLES 
FIGURES 0 • 
76 
77 
117 
~ 
I 
I 
-' 
vi 
TABLE OF CONTENTS (Continued) 
Appendix A. TORSIONAL, RIGIDITY OF NON-CIRCULAR SECTIONS . ~ . 
A-I General . 
A-2 Box Sections . . 0 
A-3 Slab Sections . . . 
A-4 Channel Sections 
Appendix B. DESCRIPTION OF COMPlJrER PROGRAM . 
B-1 . Purpos~ of Program . 
B-2 Library Subroutines 0 ~ 
B-3 Input Data and Preset Parameters 
B-4 Flow Diagrams . 0 . . 
B-5 Output . . . . . . 
B-6 Memory Requirements . . . 0 
B-7 Estimate of Running Time 
B-8 Availability 
Appendix C. CONVERGENCE OF BEAM MOMENTS 0 
C-1 Convergence of the Sum of Beam-MOments in Transverse 
· · 
· · 
· 
· 
Page 
142 
142 
143 
146 
141 
151 
151 
151 
151 
153 
-155 
156 
151 
151 
161 
Direction • 0 0 • • • • • • • 0 • • • • • • • 0 161 
C-2 Convergence of Individual Beam Moments 162 
Appendix Do DERIVATION OF THE METHOD OF ANALYSIS BY ENERGY METHOD 166 
Table No. 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
vii 
LIST OF TABLES 
Dimensions and Parameters for Slab Sections 
Dimensions and Parameters for Box Sections 
Dimensions and Parameters for Channel Sections 
Approximate Relationships Among Parameters 
Form of Equations Obtained for Bridge with N Beams 
Moment Coefficients for a ''Flexible II Box Beam Bridge 
Moment Coefficients for a flStiff ft Channel Beam Bridge . 
Parameter Combinations for Study of Effect of Varying 
Individual Parameters on Beam Moments ........ . 
MOments M at Center of Beams for Slab and Box Sections y 
Moments M at Center of Beams for Channel Sections y 
Variation of Moment in Loaded Beams due to Variation 
of Parameters for Slab and Box Sections . . . . . . . . 
Variation of Moment in Loaded Beams due to Variation 
of Parameters for Channel Sections 
Para~eter Combinations for Moment Influence Lines and 
Maximum Beam Moments 
Influence Coefficients for Moments in Beams of Slab 
and Box Beam Bridges) N=4 0 0 • • • • • • • • • • • 
Influence Coefficients for Moments in Beams of Slab 
and Box Beam Bridges) N=8 . . . . 0 • • • • • • • • 
Influence Coefficients for Moments in Beams of Slab 
and Box Beam Bridges) N=lO 0 0 • • • 0 • • • • • • 
Influence Coefficients for Moments in Beams 
Beam Bridges, N=4 0 0 • 0 0 0 0 0 • • 0 0 0 
of Channel 
Influence Coefficients for Moments in Beams 
Beam Bridges, N=8 0 0 0 • 0 • 0 • 0 0 0 0 .. 
Influence Coefficients for MOments in Beams 
Beam Bridges) N=lO 0 0 • 0 • 0 0 • • 0 0 • 
0 . . 
· · 
of Channel 
" 
. 
· · 
of Channel 
0 
· · 
. 
. 
--i 
Page 
77 
78 -, 
79 
80 
81 
82 
84 
86 
87 
88 
89 
89 
90 
91 
94 
100 
102 
105 
111 -.i 
Table No. 
20 
21 
22 
23 
viii 
LIST OF TABLES (Continued) 
Fractions of a Wheel Load for Beams of One Lane Bridges 
~th Slab and Box Beams . . .." .. 
Fractions of a Wheel Load for Beams of One Lane Bridges 
wi th Channel Beams . 
Fractions of a Wheel Load for Beams of Two Lane Bridges 
wi th Slab and Box Beams . " . . " 
Fractions of a Wheel Load for Beams of Two Lane Bridges 
~th Channel Beams .. " ..•• 0 0 • 
113 
114 
115 
116 
ix 
LIST OF FIGURES 
Figure No. 
l Multibeam Bridge 0 0 0 • • • • 0 
2 Transverse Deflection of Bridge 
3 Types of Sections 
4 Referring to Elements} Joints) Loads and Distances 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
Forces Acting on an Element 
Displacements of Adjoining Elements 
Slab Sections 
Box Sections . 
Channel Sections ~ . 
Thin Channel Section . . 
Practical Channel Section (Idealized) 0 0 
Warping of Channel Section . . . . . . . . 
Relations Between i} z/b) a and k for Slab and Box 
Sections . . . . . . . . . . . . . . -. . . . . . . 
Relat:o~s Between k and h/b for Slab and Box Sections. 
Relatio~s Between k) R and hit for Channel Sections. 
av 
Relat~c~s Between i) Q) a and h/b for Channel Sections 
Relat.:..:):-~s Between z/b) z 7/b and i for Channel Sections 
18 Re:nt:c~z 3etYeen ~ and k for Slab and Box Sections 
19 Re~tio~s Bet~een ~ and h/b for Channel Sections . 
20 Number i r'.f; of Beam Elements . . . 0 • 
21 Influence Lines for Moments in Beams of Four Element 
Bridges with Slab and Box Beams .....•. 0 0 
22 Influence Lines for Moments in Beams of Four Element 
Bridges with Channel Beams . $ •• 0 ••••••••• 
J 
I 
-.J 
Page 
117 
117 
118 
118 
119 
120 
121 
121 
121 
122 
122 
122 
123 
124 
125 
126 
127 
128 
128 
129 
130 
131 
Figure No. 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
x 
LIST OF FIGURES (Continued) 
Influence Lines for Moments in Beams of Eight 
Element Bridges with Slab and Box Beams 
Influence Lines for Moments in Beams of Eight 
Element.Bridges with Channel Beams 
Influence Lines for Moments in Beams of Ten Element 
Bridges with Slab and Box Beams ......... . 
Influence Lines for Moments in Beams of Ten Element 
Bridges with Channel Beams 
Standard MsHO H-S Loading 
Load Positions for Maximum Moment in Beams of Eight 
Element Bridges with Four Feet Wide Beams ..... 
Load Positions for Maximum Moment in Beams of Four 
Element Bridges 0 0 0 • 0 • • • 0 0 • 0 • • 0 0 • 0 
Load Positions for Maximum Moment in Beams of Ten 
Element Bridges with Three Feet Wide Beams 
Fractions of a Wheel Load for One Lane Bridges with 
Slab and Box Beams 0 0 
· 
. .; 
Fractions of a Wheel Load for One Lane Bridges with 
Channel Beams . . 0 . 
· 
. 
Fractions of a Wheel Load for Two Lane Bridges with 
Slab and Box Beams 0 0 
· 
. 
Fractions of a Wheel Load for Two Lane Bridges with 
Channel Beams 0 0 
· 
. 
132 
133 
134 
135 
135 
136 
137 
139 
140 
141 

I. INTRODUCTION 
1. Introduction 
Recent developments in the precast concrete indus~ry have led to 
several new .types of structural elements. One 'of these is the mul tibeam 
bridge used in hi~way construction. The type of multibeam bridge construc-
tion considered here is shown in Fig. 1.. Precast beams are placed on the 
piers side by side, each connected to the adjoining ones through continuous 
longi tudinaJ. shear keys. These beams may be either ordinary or prestressed. 
reinforced concrete. Transverse bolting is used to hold the beams together .. 
The bolts are located. near the ends of span and, in the case of long spans,' . 
at the center or quarter points also. In the case of prestressed concrete 
beams, a nominal amount of transverse prestress may be used. 
When a load is placed on one of the beams, the loaded beam tends 
to deflect and, due to the presence ~f the shear keys, the adjoining beams 
deflect 'With it. This action is transmitted to other beams ip. a similar way 
and it is easy to see that the cross section of the entire structure deforms 
as sho'WD. in Fig. 2. Thus, the applied load is distributed to all the beams 
in varying amounts. 
Since the loading on the bridges consists of Wheel loads, several 
of Which may be placed on a transverse section of the bridge Simultaneously,. 
the total load.. on any beam. 'Will· be the sum of the loads coming to it from 
all loads acting individually. To produce the maximum effect, .the ~eels 
should occupy certain definite positions. To determine these positions, 
influence values for the portion of the load carried 'by the beam under con-
sideration must be knO'WD. for all positions of a single load P on the 
transverse section of the bridge. 
-1-
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Considering the~librium of a small element of any beam, it can 
be sho'WD. (see Chapter II) that the following forces are produced in ~he beam~ 
longi tudinal moment, transverse moment.? torsional couple) longi tudinal thrust, 
and vertical and transverse shears 0 These forces va:r:y along the length of 
the beams and it is likely that the variation of all these forces over the 
various beams will follow entirely different patterns.. The question, there-
fore, arises as to which of .these forces should be considered as a measure of 
the portion of the load carried by a given beam. From purely physical con-
siderations, the longitudinal bending moment a.ppears to be t,he most significant 
quanti ty 0 It has the advantage of easy comparison with total bending moment 
on en:y transverse section of. the bridge and is also the quantity best under-
stood in engineering practice.. The lOngitudinal moment has.~ therefo:!7e, been 
adO]?ted as the measure of load-distri bution to the various beams e 
2. Object and Sco~ 
The object of this thesis is as follows ~ 
(a) To compute longitudinal moments in individual beams due to a 
concentrated load placed anywhere on the bridge .. 
( b) To study the in.fluence 'of varying indi Yidually all of the 
variables involved. 
(c) To obtain .. influence lines for longitudinal moments in various 
beams when a unit load moves transversely across the bridge. 
( d) To determine the :rna.x.imum IDOIIlf7nts :produced in any beam by the 
multiple Wheel-loadings. corresponding .to standard trucks~ 
(e) To propose a simplified procedure for finding maximum design 
moments in beams. 
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Three types of beam cross-sections have been considered in this 
investigation: slabs, boxes, and channels, as shown in Fig. 3. Beams of 
channel section are usually of ordinary reinforced concrete, and those with 
closed sections are usually of prestressed concrete. In addition to the 
sections in common use in each category, probable extreme variations in their 
dimensions have also been taken into account. 
All beam-elements have the same sectional properties and are 
prismatic. The bridges are simply supported at the ends. Skew bridges are 
not considered. In the bridges studied, the beams are 3 or 4 feet -wide and 
the total number of beams is 4, 8 or 10. The ratio of span to ~dth of beam-
element has been varied from about 5 to 25 for slab sec·tio.nsJ_.from 5 .W 20 for 
cna;:nne.J. s.ections,' and :Erom .. 19 ~to 40 for box sections. 
It has been assumed that the connection provided by the shear key 
and the transverse bolts is equivalent to a frictionless hinge. That is, 
there is no relative movement - vertical or horizontal - except rotation 
between the beams. The location of this binge is taken at the center of 
the shear key. Therefore, the effect of any transverse fle~~al stiffness 
at the connections due to the tension in the transverse bolts has been 
neglected. 
3. Outline of the Thesis 
The outline of the thesis follo~ approximately the order of 
objectives stated in Section 2. The development of the method of analysis~ 
is presented in Chapter II, 'Wherein certain dimensionless parameters, which 
depend upon the dimensions of the bridge, the geometrical properties of the 
beam cross section and the material used, are also introduced e ,In Cha:pter III, 
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the range of variation of these parameters for practical cases is studied and 
approximate stati.stical relationships among them are de1:"ived~ The parameter 
combinations studied latp-r are based 'upon the results obtained in this chapter 0 
The procedure for obtaining numerical res7.:uts from th? equations 
deri ved in Chapter II is explained in Chapter IV. The convergence of the 
numerical procedure adopted and the probable maximum error i.n beam moments 
are also considered in this chapter 0 
Havi.ng established the procedure for obt~aining beam moments in 
Chapter Dr, the effect of variation of all parameters individu.ally on the 
beam moments is studied in Chapter Va This study, combined with the al?J?T.'o:Xi-
mate relationships obtained in Chapter II If leads to a reduced number of 
eff'ecti.ve parameters .. 
The influence lines for moments in beams and the maximum moments 
for standard trucks are obtained in Chapter VI.. The parameter combinations 
for this purpose are based upon the results in Chapter V 0 The proposed 
simplified method of analysis for design moments is also presented in 
Chapter VI e 
Chapter. VII is a surmna.ry of conclusions arrived at in this 
investigat.ion. 
There are four ap:pendices to tbis report 0 Appendix A eX'Plains 
the derivation of formulae for calculating torsional rigidity factors for 
noncirc.~a.r sections. Appendix' B gives the digital computer :program (without 
coding sheets) used for obtaining numerical results.. A mathematical. pl"ioof 
of the convergence of the beam-moments obtained, as explained in Chapter IV: 
derived alternatively by the energy methodo 
-5-
4. Notation 
The letter symbols are defined in the text where they first appear 
and are listed here for convenient referenceo 
A = gross cross-sectional area of beam element, in~ 
2 
a = dimensionless parameter = Ab II 
z 
B = parameter for bridge with channel beams = bh/Lt 
b = overall width of a beam element, ino 
av 
b = width of channel beam between center lines of its vertical 1 ino 
c = torsion-bending constant, . 6 lno 
c = distance from the support to the point of action of concentrated 
load} in" 
d = diameter ~f typical hole or holes (~, d2, etc.) in beam cross-
section, ~no 
E = Youngis modulus of elasticity, psi 
e eccentricity, that is, the transverse distance between the 
point of action of external load and center of beam element, ino 
G = shearing modulus of elasticity, psi 
g = distance from the center line of the horizontal part of channel 
beam to its shear center, inc 
gl = distance from the joint between the channels to their top 
surface, ino 
H = displacement of analogous membrane, in. 
h = overall depth of beam cross-section, ino 
i 
i 
dimensionless parameter = Iyll
z 
= a counter used in programming 
I = moment of inertia of beam cross-section about the centroidal 
y axis parallel to the y-axis, ino4 
I 
z 
J 
j 
j 
k 
~6·-
= moment of inertia of beam cross~section about the centroidal 
axis parallel to the z=axl.S,9 ino4 
= torsion constant of beam cross-section:; ino4 
= a letter designating a typical beam element and the joint 
immediately to the right of the element, used as subscript 
= a letter designating the loaded beam When bridge carries a 
single concentrated loado 
1 
= dimensionless parameter = EI~GJ 
k = sto Venantns torsional stiffness coefficient for rectangular 
1 
cross-sections 
L = length of simply supported Span.9 in" 
(M.) = moment coefficient obtained with (PJ')m = 1 
-J m 
m = a number designating a Fourier term 
M = bending moment about the centroidal a~s pa~allel to the 
y y-axis, in-lb 
(Myj)m = bending moment My in beam j for Fourier term my in-lb 
(M ) = maximum amplitude of the sine wave of (M .) Q in-Ib yj m YJ m" 
M bending moment about the z-axis J in-Ib z 
(Mzj)m = bending moment M
z 
in beam j for the Fourier term m:; in-lb 
(M' ) = maximum amplitude of the sine wave of (M .) :; in~lb 
zj m ZJ m 
N = number of beam elements in a bridge 
Nt = a number used in programming = N-l = number of joints 
= maximum number of 'Wheel loads that can be placed on a 
transverse cross-section of a bridge 
P j = concentrated load acting on beam j parallel to the z-axis, Ib 
(PXj)m = distributed load acting on beam j parallel to the z-axis at 
a distance x from the origin for Fourier term m, Ib per ino 
-
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(Pj)m = maximum amplitude of the sine wave of (:p .) , lb :per in. 
xJ m 
Q = dimensionless :parameter = n/b2 
qj = internal indeterminate distributed force at joint j acting 
parallel to the x-axis, Ib :per in. 
(qj)m = force qj for Fourier term m, Ib per in. 
Cqj)m = maxinrum amplitude of the cosine wave of (qj)m' lb per in. 
~ = axial force acting at the centroid of beam element, lb 
I III Q-l' ··,Q+l = symbols representing the coefficients of forces qj-l' qj and 
7[. 1 in simultaneous equations at a joint J+ 
R = dimensionless parameter = ell b2 y 
r. = internal indeterminate distributed force at joint j acting. 
J parallel to the y-axis, lb :per in. 
(r.) = force r, for Fourier term m, lb :per in. 
J m J 
(r.) = maximum amplitude of the sine wave for (r.) , lb per ino J m .J m 
symbols re:presenting the coefficients of forces r._l , r. and F j+l in simultaneous equations at a joint· J J 
s. = internal indeterminate distributed force at joint j acting 
J parallel to the z-axis, lb per in. 
(5) = force s. for Fourier term m, lb ner in. j C J ~ 
:-.a.x.imum amplitude of the sine wave of (s.) , lb ·per in. 
J m 
I r ...... 
S l' .. ,S ~. = s)~bols representing the coefficients of forces S. 1.' s. and 
- +..i. J- 'J 5J +1 in simultaneous equations at a joint 
T = tv1sting couple about the x-axis, in-lb 
x 
(Txj)m = torque Tx in beam j for the Fourier term m.' in-lb 
(T ) = maximum ~rrmlitude of the cosine wave of (T .) , in-lb xj m ~~ . xJ m 
-8-
ti "= thickness' of' vertical parts of box sectionsJ ina 
t2 = thickness of horizontal parts of box'sections J ino 
t} = thickness of vertical :pa.rts of channel sections, inc 
t4 = thickness of horizontal part of channel sections, inn 
t = average tbic~ess of channel 'sections defined by the ratio 
av 
of cross~sectional area to the length along the center line 
of its thicknesses, inn 
u = strain energy, in-lb 
0 displacement of sheat'-center of beam j along the x-axis, ino u. = 
J 
G displacement of centroid of beam j along the x-axis) inc u. = J 
(u~) = displacement 0 for the Fourier term m.l' i.no u. J m J 
G G (u.) = displacement u. for the Fourier term m~ ino 
J m J 
v = complementary energy, in-lb 
(v) = energy V in the compatible case for the Fourier term ID) in-ln 
c m 
(v.) = energy V in the incompatible ,case for the Fourier term. mJ 
l m in-lb 
o 
v. = displacement of shear~·eenter of beam j along the y~a.xis, ino 
J 
(v~) = displacement v~ for the Fourier term m, ino 
J m J 
(v.) = maximum amplitude of the sine wa~e of (v~) } ino 
J m J m 
v y j = shear force in beam j along ~he y-axis, Ib 
v . =. shear force in beam j. along the Z~axiS.9 Ib 
ZJ 
w = total work do~eJ in~lb 
(w) = total 'WOrk done for Fourier term ID.y in-lb 
m 
-- .. " 
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o Wj = displacement of shear-center of beam j along the z-axis) 
(wO) = displacement w~ for the Fourier term m, in. j m J 
(W: .) = maximum. amplitude of the sine wave of (w~) "in. 
J m J m 
x = distance of any section along the longitudinal axis through 
the shear center of beam element from the origin, in. 
x 2 = a constant = 2Gec , Ib per in. 
Xl' X2 = coefficients of load. term (p.)' in the simultaneous equations at a joint J m 
y = distance of any point in the cross-section of a beam element 
from the xz-plane, in. 
z = distance of any point in the cross-section of a beam element 
from the xy-plane, in. 
Zl = distance along the z-axis between the centroid and the center 
of the horizontal part of the channel sections, inc 
z = distance along the z-axis from the shear-centers of beam 
elements to the joints between them, in. 
z~ = distance along the z-axis from the centroids of beam elements 
to the joints between them, ino 
~ = dimensionless parameter = b/L 
€ = dimensionless parameter = e/b 
e = angle of twist of beam element per unit length, radian per inc 
~ = Poissonfs ratioo 
0' • XJ = average normal stress on the cross-section of beam j, psi 
Tyx = shear stress acting along the y-axis on a section normal to 
the X-axis, psi 
-r 
zx 
shear stress acting along the z-axis on a section normal to 
the x-axis, psi 
Tax = shear stress acting along the tangent to curve s on a section 
normal to the x-axis, psi 
CP. = angle of twist of beam j, radians 
J 
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( cp .) = angle of twist CP. for the Fourier t·erm m) radians 
J ill J 
('Cj5) = maximum amplitude of the sine wave of (cp.) ) radians' j ill J m 
* PrandtlU s stress funct.:1.on; lb per ino 
n = axial warping due to the torsion of the cross-section of beam 
element) inoper radian per ino 
n = warping n at the level of the joint between the oeam elements} 
in 0 pe.r radian per in n 
I = dimensionless coefficient for channels hit av 
II. MEmIOD OF ANALYSIS 
5. Historical Review 
Different approaches have been used by various investigators for 
the study of load distribution in floor beams and stringers of highway 
bridges. 
* For analyzing grid type decks} Pippard .and de Waele (1) developed 
a method in Which they distributed the total stiffness of·transverse beamB~ 
uniformly over the length of the bridge and iobtained their solution in the 
form of fourth order simultaneous ordinary differential equations 0 Hetenyi (2) 
used the same approach but expressed the concentrated loads in termE of Fourier 
series which resulted in algebraic simultaneous equations for each term of 
the series} instead of differential equations. The most significant develop-
ment came with Newmark's distribution procedure (3) in which moments and 
shears were found by distribution for each term of the Fourier expansion of 
the loads and which made it possible to take into account the torsional 
stiffness and deflections of the beamso Using this procedure Newmark and 
S Siess (4) solved the problem of I-beam bridges which led to the 505 rule (5) 
for distributing the concentrated loads on such bridges. 
Another approach to the study of distribution of load on highway 
bridges is the orthotropic plate theory used by Guyon (6), Massonet (7)) 
Morice (8) and others 0 This. approach is the one most commonly applied to 
the analysis of multibeam bridges. The principal problem is to determine 
the transverse flexural and torsional stiffnesses} which are greatly influenced 
by the magnitude of transverse prestress. The results of Walther (9) indicate 
.* Numbers in parentheses refer to list of references in Chapter VIlla 
-u-
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that the ~mum ~roportion of the load that goes to any element is largely 
influenced by the ratio of transverse ~restressing force to the load on the 
bridge. According to his results, an increase in this ratio decreases the 
moment that goes to the most heavily loaded element. The assumption of a 
hinge ~th zero flexural stiffness for the connection between the beam 
elements, therefore} a~~ears conservative. 
The awroach of Duberg, Khachaturian and Fradinger (10) is similar 
to Hetenyit s . Their solution is more exact, however, as it considers the 
torsional stiffness and the torSion-bending characteristics of the sections. 
This method forms the basis of the investigation reported herein. 
6. Basic ASSumptions 
The method of analysis is based on the follOwing assumptions~ 
(1) The beam elements are made of homogeneous) isotropic material 
obeying Hookets law. 
(2) The deformations due to shear are small and negligible. 
\ 
(3) The cross-section of the beam element is rigid so that the 
"deformations of the section are small and negligible in comparison with those 
of the unit as a vhole. 
(4) All beam elements are alike in their geometrical and mechanical 
~roI?erties. 
(5) The beam elements are ~rismatica 
(6) The beam elements are simply 5up~orted at the endso 
(7) The connection between the beam elements is hinged along the 
mid-de~th of the shear key such that no relative movement except rotation is 
~ossible at the joints between the elements. 
-13-· 
(8) The applied loads act vertically downward and are concentrated. 
However, loads distributed over small or large areas may easily be handled, 
by modifying the termB of the Fourier series for the loading .. 
7 . Coordinate .Axes and Sign Convention 
Figure 4 shows a sketch of a multibeam bridge deck consisting of 
channel-section elements. The.figure indicates the manner of referring to 
the elements, joints, loads, and distances.; 
Figure 5 shows a beam-element. The reference axes, which form a 
left-handed coordinate system, pass through the shear-center of the section; 
the x-axis is along the length of the beam element, the y-axis is the 
transverse horizontal axis) and the z-axis is vertical. 
Displacements uO, vOand wO are the movements of the shear center. 
of the undeformed section in the directions of the x, y and z axes, respec-
tively. Displacements are positive when they take place in the positive 
direction of their corresponding axes. 
Moments My j and M
zj ' and torque TXj are shown in Fig. 5 by vector 
notation according to the left hand screw rule. These are considered positive 
when the rotation of a left haqdeu screw in their directions causes the screw 
to advance in the posi ti ve directions of their corresponding axes. The angle 
of twist ~ is positive in the direction of positive torque. Moment M . and 
ZJ 
torque T . act about the z and x axes defined above. MOment M . acts about 
xJ YJ 
an axis through the center of gravity of the section and parallel to the 
y-axis. 
The beam shear forces V and V act through the shear center and 
. y z 
are positive When they act along the positive directions of their respective 
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axes. The axial force ~j acts through the center of gran ty and is posi ti ve 
in the positive direction of the x-axis. 
The joint forces per1.Ulit length, q, r and s, are positive when 
they act along the positive directions of the x, y, and z axes, respectively. 
8. External Loads 
Figure 4 shows concentrated loads acting on beams j and j+l at a 
distance c from a sUJ?port. In the" analysis, these loads are expressed in 
terms of Fourier series and the "solutioIi "i~ obtained for each term of the 
series separately. The total valUe of each function (moment, shear, torque, 
etc.) may be obtained by sunnning up the individual values for all the terms 
of the series. A concentrated load acting on a simply supported beam of 
span L at a distance "c from a sUJ?port is represented by the following Fourier 
series: 
2P p =-
x L 
00 
I m7tc . mme sin -r- Sln ~ . 
m=l 
The expression for the general term of the series is 
Now if 
(=" 2P. mltc p)m = L Sln L ' 
we get 
It may be seen that (p) depends on the load P and its position as given 
m 
by c. It also represents the maximum intensity of the load for each term 
(1) 
(2) 
( 4) 
-JI 
-15-
since the maximum value of sin (m1tx/L) = 1. For any other type of loading ., 
it is this (p) that is found to be affected. Hence a solution obtained in 
m 
terms of (p) equal to 1 may conveniently be used. for any loading. This 
. m 
procedure is adopted here. 
9. Equations of Equilibrium 
Consider the equilibrium of an infinitesimal length dx of element 
j contained between joints j-l and j lateraily and between distances x and 
x+d.x longitudinally. Figure 5 shows the element with its geometrical 
dimensions and all forces acting on it. The intensity of external loading 
is P . per unit length. 
xJ 
(a) Deflection in the Direction of z-Axis 
or 
Summing the forces along the z-axis, 
- V . + (V . + dV j) +(s. ~ s. l)dx + P . dx ~ 0 
ZJ zJ Z J J- xJ 
dV . 
~ = 
ax - (s. - s. 1) - p . J J- xJ 
Sunnning the ooments about an axis passing through the center of gravity and 
parallel to the y-axis) 
- M . + (M . + dM .) - V . dx + (q. - q. l)z' ax = 0 
YJ YJ YJ ZJ J J-
or 
( 6) 
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Eliminating Y
zj between Eqs.· 5 and 6) 
d~ . 
_~Y-=J = 
a.x2 
Since 
therefore 
d 
- ~ j - (s. - s. 1) - a.x. (qJ' - q. l)zf X J J- , J-
d 2 0 w. 
M . = - EI ---!l2 
YJ Y ax 
~ j + (s. -. s. 1) + dxd (q. - q. 1) z' . 
x J '.'J- J J~ 
(b) Deflection in the Direction of y~Azis 
(-1) 
( 8) 
Summing the forces along the y-axis and the moments about z-axis) 
dV . 
dx
rJ. = - (r. _. r. 1) 
J J-
aM ~ = - V . + (q. + q. 1) b 
ax YJ J J- 2 
Eliminating V . between Eqs. 10 and 11) 
YJ 
d~ . 
_~z..;:..J = 
dx2 
Since 
therefore 
d b 
+ (r. - r. 1') + dx (q. + q. 1) 2 J J- J J-
\2 0 
d v. 
M: . = + EI --.-J. 
zJ z dX2 
d b (r. - r. ,) + dx (q. + q. 1) 2 J J-~ J J-
(10) 
(-11) 
(12) 
(13) 
(14) 
) 
--
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(c) Displacement in the Direction of x-~s 
Summing the forces along the x-axis) 
+ (Q . + d Q .) 
xJ XJ 
or 
dQ . 
,-2J.. = (q q ) 
d.x -. - . 1 J J-. 
(15) 
Now ~j = AcrXj Where crxj is the average fiber-stress on the section. Since 
= 
G duo , 
E ---.J.. 
,d.x 
G Where u. is the axial displacement of the center of gravity) therefore 
J 
(d) Angle of Twist 
(16) 
(17) 
The twisting of a beam of non-circular 'section causes its cross-
sections to warp, that is, the points on the cross-sections are displaced 
along the longitudinal axis of the beam. It is found that all points except 
the shear center and those lying on the axes of symmetry of the section, if 
any, undergo axial displacements. By Maxwell T s reciprocal theorem, there-
fore, axial forces q. and q. l' Which act at points where warping is J J-
produced by t~sting of the section, will cause a twisting of the sectiono 
It can be shown that, if n is the axial displa.cement at the joint caused by 
a unit rotation per llili t length of the beam, the forces q. and q. 1 are 
, J J-
equivalent to a torque d.T . equal to n (dC!. + dq. 1) about the shear center 
xJ J J-
of the section. Taking this torque into account and summing the couples 
about the X-axis, 
or 
Since 
therefore 
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+ p . e. .dx - n (dq. + dq. 1) = 0 
xJ J J J-
b (s. + s. 1) 2 J J-
3 d CP. dcp. 
T =-EC~+GJ~ 
xj a.x3 dx 
(e) Integration of Equations 9, 14, 17 and 20 
The boundary conditions at the simply supported· ends are taken 
as follows: 
The deflections Wj and VjJ the angle of twist CPjJ the moments 
My j and M
z 
j} and the axial force QXj are zero. The elements are free to 
warp at their ends, that is) the displacement u. is free to occur. 
J 
(18) 
(20) 
Equations 9, l4) 17 and 20 are applicable to any loading c These 
are to be solved SimultaneOUsly, satisfying all the boundary conditions 
given above. However) by expressing the loading in terms of Fourier series 
-19-:' 
and taking on~ term a~ a time, it is found that the unkno'WIl joint forces:, 'lj' 
r. and s. can be expressed as sine and cosine, functions, and ,that the four , 
J J 
equations can be integrated separately_ Therefore, if the mth term of the 
Fourier series for the load is (see E'l' 4) 
(p .) = (P.) sin mL~ 
xJ m J m 
the joint forces qj' rj and Sj are found to take the following form~ 
- . mme (r.) = (r.) sln---L J m J m , 
- m1CX (s.) = (s j) sin -L-J m m 
Substituting E'ls. 21 in Eqs. 9, 14, 17 and 20, 
[- - J mroc qj - 'lj_l m cos ~
+ IDL1! (qJ' + q. l)n + p.e.J sin mL10C J- J ,J m 
. mroc Sln - L 
(21) 
(22) 
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Integrating Eqs.22 and' noting that the boundary conditions at the simply 
su~rted ends are automatically satisfied, 
4 [Cr j b J . m!O< '0' L - r j _1) mn: (- + q. 1) (v j) m = 4 4 - L qj - Sln-J- 2 m L 
m n: E~z 
G L2 [qj - J . m!O< (23) (uj)m = 2 ~ - q'-l cos ~ 
m re 
J m ' 
(cp.) = 
L4 [CSj S. 1) b (r. - r. l)z 4 4 222 + 2" -J m m re EC+m re GJL J- J J-
+ ~ Cg: + q. l)n + p.e.J sin mLrcx L j J- J J m 
I Similar equations for (j+l) th element may be easily obtained from 
Eqs. 23 by replacing j by j+l and j-l by j. Thus 
° L 
4 [ - _.. mre - -; - ] . ittrcx (wJ'+l)m = 4 4 (sJ'+l - sJ')- ~ (qJ'+l - q.)z + P'+l Sln ~ 
m re EI J J m 
y 
L4 
(voJ'+l)m = Ii 4 
m re EI 
z 
[c- -) mre (- ~ ) bl . mrcx r j +l - rj - ~ qj+l + qj 2 Sln ~ 
L4 [ - - b - --( cpJ' +1) m = 4 4 2 2 2 (. s . +1 + s.) -2 - (r. 1 - r.) z 
m n:. EC +m rc GJL J J J + J 
(24) 
-' 
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10. Conditions of Continuity 
For continuity of deformations in the bridge, the displacements of 
the element to the left at any joint must be equal to the displacements of 
the element to its right at :tMt jOint. For instance, the following 
conditions must be satisfied at the jthjOint: 
(a) Vertical deflection w. of element j 
J 
= vertical deflection of element j+l 
(b) Lateral deflection Vj of elefuent j 
= lateral deflection of element j+l 
( c) Longi tudinal displacement u. of element j 
" J 
= longitudinal displacement of element j+l. 
Figure 6 shows the displacements of the shear centers of two 
adjoining elements, j and j+l. From their displacem~ts, the displacements 
at joint j bet~en them may easily be found by geometry. Substituting these 
displacements into the above" conditions, we get the following equations: 
o b 
Wj + '2 CPj. = o b wj +l - 2 q:>j+l 
o 0 
o dw . b dv. dq:> . 
U - z --.J. _ - ---s1 + n ---.J. j dx 2dx ,aax 
o 
= u j +l - z 
o dw· l" J+ 
dx 
o 
b dV j +l 
+ 2" dx 
dq:>. 1 
- J+ 
n dx 
As stated in Section 9, there is no warpi~ of points lying on the z-axis. 
Therefore, 
Go, 
u. = 
J 
o 
o dw. 
u j - (z - z ') at- (26) 
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Substituting this into the third of Eqso 25J 
G 
u. - Z t 
J 
dw~ bdV~ . d~. G 
---..J. _ - ---.J. + n -...J. = u 
dx 2 dx d.x, j+l 
a a 
dw. 1 b dv. 1 d~. 1 
z q J+ J+ '_ n J+ 
dx +'2 dx dx 
ll. Simultaneous Eq,uations at a Joint 
Substituting for w~) v~, u~ and ~j from Eq,so ,23 and w~+lJ V~+lJ 
G 
U j +1J and cP j+l from Eqs" 2:4 into Eqs 0 25J we get the following three 
simultaneous equations at joint j: 
(_ L
3
z' _ mnL3n"b/2) [- - ] ( 2L3z ~ 
mnEr 2 L-+GJL2 q,j-l + qj+l m' + mnEr 
y m~~ y 
L b /4. - - , 4 2 ) [ ] m21t~+GJL 2 . s ~-l + s j+l m 
(25c) 
4- [ ] L z - - 8 
- 2 ~ 2 p.e,-p'+le'+l m (2 ) 
m1t -tGJL JJ J J 
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. ( 2L 2 l z f 2 b 2/4 2m1tL 2~ ) [- J 
+ mrtE (X + I + I )+ 2 ~ 2 q. m 
y z mn: -+GJL J 
+ 2 ~Q 2) [r j _l - r. lJ m n: -tGJL J+ m 
. (29) 
These three equations may be looked upon as recurrence equations which mu£t 
be written for each joint) thus leading to three times as many equations as 
there are joints. Since each joint introduces three indeterminate force com-
ponents q" r and s) there are as many unknowns as the equations. The reaction 
components may therefore be found. 
12. Stresses in Beams 
The forces produced in a beam-element are moments M and M) torque y z 
Tx' thrust ~ and shears Vy and V z as indicated in Fig. 5 e, The expressions 
for these forces T1J8.y be obtained in terms of the indeterminate forces q" r 
and s, as follows: 
Differentiating the first of Eqso 23 twice with res:pect to x and 
substi tuting in Eqo 8, 
) L 
2 [c- - mlL - - q , - ] • mrcx (M. = ~ 8,-6, 1) -]f (qj- qJ'-l)z + :pJ' m Sln ~ YJ m m lL J J-
Since from Eq" 6, 
therefore 
L [c- - - ] mrcx (V j) = - s, - s, 1)+ :Pj . cos-L z m mlL J J- m 
Similarly using the second of Eqso 23 with Eq. 13, 
and since from Eq.. 11, 
we obtaiil 
( ) L (. -- - "J . mrcx V. :: - I, r, - r. ,i· cos -L Y J m m:rr I J J -~. m 
Again.~ using the third of Eqs 0 23 with Eqo 16, . 
S?-milar1y, from the fourth of Eqs 0 23 and Eqo 19, 
t..: .. 
(Txj)m = :" [CSiSj~l) ~ - (rj-rj_l)z - ~"(g:/qj_l)n + Pje Jm 
m:roc 
cos - L 
(30) 
(31) 
(32) 
(35) 
I 
-' 
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After solving the simultaneous equations and obtaining the indeter-
minate forces ~ r} s as indicated in Section ll} all the forces in any beam 
element may be calculated by using Eqs. 30 through 35. The bending and shear 
stresses at any point of th7 beam-element may ~hen be found by using the 
usual methods of the simple theory of bending. However, since a stress-
analysis of the section is not the objective of this inve8tigatio~ this 
aspect of the ~oblem has not been considered further. Since the moments M y 
are the most significant of all the forces} las stated earlier in Section l} 
attention has been given only to the calculation of these moments in the 
various beam elements. 
13. Simultaneous Equations at a Joint in terms of Dimensionless Parameters 
The following dimensionless parameters are introduced: 
EI 
k = ---L 
GJ 
Ab2 
a =--I 
z 
!3 = b/L 
€ = e/b 
R C 
= I b 2 
Y 
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In terms of the above seyen, dimensio~less :parameters and z 9/b and z/b, the 
,simultaneous and recurren'ce equation's 27, 28 and 29 may be written as follows ~ 
~ 
+( m2~~ - 4(kRtl~m2l+l) ) [Sj_l + Sj+ll 
( i ~(z/b) 2 _) [_ _ + 2 2 + 2 2 2 r. -1 2 r. 
m l1 1$ kRf3 m 1t +1 J J 
= 
+ r. lJ J+ m 
-27-
(
'_ l' f 2. mnQ2133 ) [-.:. - J 
mnk (~ + (~) -~) + 2 2 2 qj -1 + q. +1 m 
kBt3 m n: +1 J 
= + ~ I ~ [1'. -P 1J - ~ 2 2 [p . €. + P. l€· lJ ( 39) 
m n 'J j+ mkRt3 m n: +1 J J J+ J+ m 
Equations 37, 38 and 39 are actually used to generate the complete 
set of simultaneous equations for all the joints and to obtain all the 
indeterminate forces qj' r. and S.. This is shown in Chapter rv e 
J J 
1110 STUDY OF VARIABLES 
140 The Variables 
From E~so 27, 28 and 29.it can be seen that the following groups 
of variables enter into the analysis~ 
Mechanical properties of the material~ E and Go ( a) 
(b) Geometrical properties of' beam cross-sectio.n~ b) A, I , I , Y z 
(c) Dimensions of the bridge~ span LJ and number of beam 
elements, No 
(d) The loading defined by the magnitude p, the eccentricity e 
and the Fouri er term m 0 
The above four categories of variables are considered separately 
in the following sections 0 
15. Mechanical Properties) E and G 
In E~s. 37, 38 and 39:J E and G aPJ?ear only in the parameter 
k = EI /GJo Consequently, we are not interested in the absolute values of y 
E and G but. only in the ratio E/Go In terms of Poisson C 5 ratio ll.1 
E 
G = ( 40) 
In this study \-.l has been assumed e~ual to zero, 50 that E/G = 20 The value 
of \-.l for concrete generally varies between 0 and 0020 ' An average value of' 
0010 to 0015 for II will correspondingly cause a 10 to 15 percent increase 
in ko The influence of variation in the value of k on the beam. moments., is 
studied later in Chapters V and.VI 0 
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16. Geometrical Properties of Beam Cross-Section 
The geometrical properties of the cross-section of the beam elements 
are obtained on the assumption that the gross concrete area may be taken as 
the effective area. Furthermore, the slab, box and channel sections are 
idealized by omitting the fillets and assuming the legs of the channel sections 
to be rectangular as shown in Figs. 7, 8 and 90 Therefore, the area A, the 
position of the center of gravitiy, the distance z', and the moments of inertia 
I and I may be computed easily. The other properties are considered below:o y z 
(a) Determination of J 
The follo~ng expressions have been used for determination of the 
torsional rigidity factor' J 0 These are based on the membrane analogy for 
elastic torsion and involve certain approximations of small order. Their 
derivation and discussion of accuracy are given in Appendix A. 
Slab Sections 
For the sections shown in Fig. 7 the following may be written~ 
where 
Solid~ 
Hollow: 
J :: kl bh3 
J = kl bh3 
d = diameter of hole 
} 
kl = St. Venant's torsional stiffness coefficient 
b > h 
The factor kl varies ~th the ratio of width to depth of the section b/h. 
Its values are given in ,the follOwing table (11). 
(4l) 
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VALUES OF TORSIONAL STITFNESS COEFFICIENT· 
, . 
b 100 1,,5 2.0 205 300 h .. 
kl 00141 00196 00229 00249 00263 
Box Sections 
where 
For the section shown in Fig 0 8" 
b = width of section 
h = de~th of section 
tl = thickness of vertical walls 
t2 = thickness of horizontal walls 
Channel Sect·ions 
where 
For the section shown in Fig" 9, 
t3 = average thickness of vertical elements 
t4 = thickness of horizontal element 
400 
00281 
1000 co 
0,,312 00333 
( 42) 
The quantity kl in this case de~ends upon the ratio h/t3 and is the same as 
given in the table for slab sections, with h/t3 substit,uted for the ratio b/b." 
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(b) Determination of z 
The quantity z is the vertical distance between the joint - the 
~int of connection of two beam elements - and the shear center of the 
element (Fig. ll). Thus to find z, the shear center must be located. For 
slab and box sections, the shear center coincides with their center of 
gran ty because of symmetry of the section. For thin channels such as shown 
in Fig. 10, the shear center S is located by. finding the distance g given by 
the following formula: 
where zl and bl are the distances shown in Fig. 10, A is the area of the 
section and I the moment of inertia about the z-axis. 
Z 
(44) 
The reinforced concrete channel sections used in bridges, as shown 
in Fig. ll, are not thin. In this study, however, they are assumed to be 
thin and their center line dimensions as indicated in Fig. 11 are used for 
the purpose of locating the shear center. In terms of the dimensions shown 
in Fig. 11, ~~e expression for g becomes 
and 
t4 
z=g--+g 2 1 
Evidently any error in g due to the assumption of thin sections causes a 
corresponding error in z 0 The ef~ect Qf this prob~b.le error :i.e studied 
in Chapter V. 
( 46) 
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(c) Determination of C and IT 
The quanti ties C and 'IT) which appear in the expressions for the 
torsional warping of non-circulax sections} are small for closed ,box or solid 
sections, and are assumed to be zero in this study. They may} however, be 
significant for open sections like channels 0 As before, the determination 
of C and 'IT are for thin channels n For the dimensions of the channel shown 
in Figo llJ C is given by the following expression 
where I is the moment of inertia about an axis passing through G and y 
parallel to the y-axis. 
.( 47) 
The distribution of the unit warping n at the center line of the 
section is shown in Fig. 12, from which the unit warping at the level of 
the hinge n may easily be foun~o 
The effect of any errors in C and IT on the beam moments M is y 
also studied in Chapter V 0 
170 Number of Beams 
The number of beams in a bridge depends upon its total wi.dth and 
the width of the elements used 0 Taking a two lane bridge with 24 or 28 ft 0 
roadway as standard, the total width of the bridge including curbs is 30 to 
32 feet. The beam elements whose properties have been considered in this 
study range from 2 ft. lO in 0 to 4 ft 0 wide 0 The corresponding number of 
beam elements would -vary between 8 and II 0 In this investigation, the 
number of elements N has been taken as 8 for most of the solutions 0 However J 
N=lO has also been considered to find the effects of increasing the number of 
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elements from 8 to 10. And solutions for N=4 have been included to find the 
load distribution for single lane bridgeso 
180 External Loading 
As explained in Section 8) a concentrated load is expressed by a 
Fourier series and each term of the series is considered as a separate loadingo 
The total effect of all terms of the series is then fOlIDd by surmning the 
indi vidual effects. 
th According to Eq. 4) the m term of the series is 
. mme 
Sln --L 
in which (1» depends upon the magnitude of the concentrated load and its 
m 
position in the span. To get the results in the most general formJ ~ is taken 
/ 
equal to 1 for each value of m) and solutions are obtained for m=lJ 2, 3 J etc., 
To obtain the results for a particular position of the load, the results 
obtained with (p) = 1 are multiplied by the value of (p) obtained from 
m m 
Eqo 3 for given value of co 
For the study of load distribution) two positions of the load have 
been considered~ 
. L 
at the center of span, c == 2; and at the quarter point~ 
The follCWiIlg table shows the values of (Ii) for the two loading cases 0 
m 
VALUES OF (p) CORRESPONDING TO A CONCENTRATED LOAD P m . 
Load Values of (p) /(2P/L) for m . 
position 
m=l m=2 m=3 m=4 m=5 m=6 m=7 m=8 m=9 
L 1 0 1 0 1 0 1 0 1 c == 2 
L ~ 1 1 1 0 1 -1 1 0 1 c=~ - - - - - - -
.[2 .[2 .[2 .[2 .[2 
The eccentricity e determines the posit.ion of the concent.rated load 
on a beam in the tranverse direction 0 Only one value of e = O} (that is, 
load at the center of the ~dth of the element) bas been considered hereo 
Actually only one value for e gives sufficiently accurate and useful results 
since it -was shown by Duberg et al (10) that the transverse influence line 
is a continuous curve and the :i.ntermediate values of the influence ordinates 
for M may thus be found by passing a smooth C1Jrve throu.gh. the calculated y 
points at the centers of the elementsn 
190 Range of Variation of Parameters 
In order to study the practical range of variation of the dimension-
less parameters introduced in Section l3J t,b.e sections f'rom the follo'Wing 
sources were considered: 
( 1) Standard Prestressed Concrete Slabs for Highway Bridge Spans 
upto 55 Feet, Joint Committee} America.n. Association of State Highway Officials 
Committee en Bridges and structures and Prestressed Concrete Instituten 
(2) Standard Prestressed Box Beams for High~y Bridge Spans to 
103 Feet, ·Joint Cor:t:littee, American Association of State Highway Officials 
Commi ttee on Bri.dges and Structures and Prestressed Concrete Institute 0 
(3) St..e.r:dard Plans for Highway Bridge Superst,ructures} SI~>1-56J 
SI-2~56>, S3-2-56. SK-2-56, Bureau of Pu:Dlic Roa~sJ Washi~gtonJ 1956, 
( 4) P:-eca.st Con~rete Slab Bridgesy Using 1609 20, 24.9 30 and 36 
Feet Beams;. Bock o~ SUln:ia..rds.9 Nel.son Concrete Culvert Co o.~ Champaign~ 
illinois 0 
The cross-sectional properties were first calculat.ed according to 
the methods described in Section 16 and then the parameters determined 
according to Eqs. 36. The values of the paramet,ers for slabs5 boxes and 
charmels are shown in Tables 1, 2 8JJ.d 3, respectively. In order to broaden 
the rang~ of variables a.s much as possible,9 certain a,rbi trary sections of 
I 
I 
.J 
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rather extreme dimensions are also included. Their dimensions and parametric 
properties are also shown in Tables 1-3-
The parameter ~ = b/L cannot have a unique value for a given section 
because of the range of spans for which a section may be used. The ~ values 
listed in Tables 1, through. :5 are based upon the recommended spans for the 
standard sections and are used here as a guide for planning the sets of data 
for further consideration. 
200 Approximate Relationships Among Parameters 
Tables 1, 2 and 3 list the parameters k, i, a, z/b, zO/b, R, Q and 
~ for slab, box and channel sections, respectively. In order to study the 
distribution of concentrated loads on bridge-decks consisting of such sections, 
all of these parameters must be varied wi thin reasonable lirni ts 0 In addition 
to the above mentioned eight parameters, there are other variables, namely, 
m, b, €, N and j, to be taken into account. The number of the Fourier terms 
to be considered, Which determines the maximum value of m, depends upon the 
rate of convergence and the tolerable error in the final solution. This 
aspect of the problem is considered in detail in the next chapter. The 
absolute value of b is not required for obtaining solutions of the simultane-
ous equations or for finding the influence ordinates for M. Its value is y 
necessary, ho~ver, for finding the maximum design moment under a given train 
of loads} as for example the AASHO H20-S16 loading 0 The eccentricity para-
meter € is taken equal to zero as explained in Section 18. Thus} for the 
present, we are left with eleven variables, the original eight plus m, N and 
j. Of these variables k, i, a, z/b, z,n jb, R and Q depend U]?on the cross-
sectional dimenSions, ~ and N define the dimensions of the bridge as a Whole, 
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and j and. m give the transverse position and shape of the loading 0 In order 
to establish possible approximate mathematical relationships among the para-
meter3, the values given in Tables l.~ 2 and 3 are plotted. in Figs 0 13 through 
190 The figures are eX,})lained in the following paragraphs where the 
observations and conclusions are also givenu 
(a) Cross Sectional Parameters 
(1) Slab and Box Sections 0 Parameters i.~ z/b (equal to z ~ !~) and 
a are plotted against k in Figo 13 and k is plotted against hlb in Fi.go 14" 
In these plots the values of the parameters are taken from Tables 1. and. 2 for 
slab and box sections, respectiyely~ In addition to the plotted points~ 
there are other points marked·by solid circles in these figures~ these refer 
to those pa.r8llleters 'Which have been used in-this study to obtain the influence 
lines for the beam moments in Chapter VI 0 For the pre.sent.~ our discussion is 
directed only to the values of parameters taken from Tables· land 2u 
From Fig~ 13 it can be seen that the plotted points for each 
section show a more or less regular pattern and may be approximated by 
straight lines ~ The plotted points for i and a generally lie wi thin ± 5 
percent of the values represented by the straight lines}' w.hile the line 
representing values of -Z!b awroximates its values 'Wi tbin + 10 percent 0 
Figure 14 shows that the parameter k can itself be related to h/bJ 
the ratio of depth to width of the sectiono In this figure the point corre·~ 
sponding to a slab section ~th h/b = 1 lies relatively far from the straight 
line represent:i.ng the general trendo However.9 from Table, it may be seen 
that this is an arbitrarily chosen section which tends to take t.he slabs 
into the realm of box sections 0 It may therefore be generally concl.uded 
I 
-.J 
I 
..-J 
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that, for each category of closed sections, all of the significant parameters 
can be obtained as a function of hlb for the section. 
(2) Channel Sections. For channel sections, it appears that the 
parameters cannot be conveniently related to k or h/b. In this case) the 
two ratios hlb and hit are found to be significant, where t is the "average 
av av 
thickness" of the channel defined by the ratio of area of the cross section 
to the length of the section measured at the,center line of its thickness. 
From Fig. 11, t can be written as follows: 
av 
(b-t3) t4 
t4 
+ 2(h--) t 
t = 2 ·3 
av t4 
, (b-t3) + 2 (h--) 2 
( 48) 
It is found that simple relationships can be established between 
the parameters k and R and the ratio hit as shown in Fig. 15. Similarly, 
av 
relations may be developed between i, Q and a and the ratio hlb as shown in 
Fig. 16. The parameters z/b, z 1 /b are fOllild to be conveniently related ~o 
i as shown in Fig. 17. In the above figures, the values of the various 
parameters are taken from Table 30 The pOints shown by solid circles again 
represent the parameters adopted for finding beam moments in Chapter VI. 
Examining Figs. 15 and 16, we can see that the plotted points 
generally lie within ~ lO percent of the values represented by the inter-
polated curves. All of the values of z/b and z'/b in Fig. 17, however, 
cannot be bounded in such close limits. It is found that for z/b an equation 
in terIDB of i and t 4, the thickness of the horizontal part of the channel, 
can be established in the following form 
z 
b = 
From Table 3 it may be seen that for all practical sections presently in 
use, t4 varies between 4 and 5 1/2 incheso It is found further that the 
values of i/o for t4 equal to 4 to 6 inches lie 'Wi thin + 10 percent of 
those given by the straight line for t4 = 5 in. Therefore, the problem 
may be simplified by deleting the absolute value of t4 from further con-
sideration. For this purpose the curve corresponding to t4 = 5 in. may 
be adopted as follows: 
From the above discussion, it may be concluded that for channel 
sections the number of cross-sectional variables reduces to two; namely, 
hit and h/b. Or, since_ k is related to hit and i to h/b., the parameters 
av av 
k and i can be adopted as independent variables, the va.lues of the other 
parameters being based on k or i as the case may be. 
(b) Parameter § = b/L 
The parameter t3 depends upon the width of beam element b and the 
span length L. Since beams of different widths may be designed to have 
the same depth of section and the same span, it is apparent that t3 will be 
an independent variable.. In order to determine whether some approximate 
relationship may exist between t3 and some one of the cross-sectional para-
meters used in practice, the Values of t3 in Tables 1 and 2 for slab and box 
secttons are plotted against k in Figa 180 Similarly the values of (3 in 
Table 3 for channel sections are plotted against h/b in Fig a 19.. The solid 
circles in these figures sections adopted in this study for 
the determination of the beam moments~ 
I 
.-J 
-39-
As expected, the values of t3 show a large scatter from the ·mean 
curves. Whereas for slab and box sections straight lines could be fitted 
to give t3 within ± 15 percent as shown in Figo 18, for channels only a 
general trend is apparent 0 
All the apprOximate relationships derived from Figs. 13 through 
19 are listed in Table 4 for ready referenceo 
Based upon the above observations, the following conclusions could 
be drawn: 
1. Each section is a class by itself so far as the relationships 
between the various parameters are concerned. 
2. There are some things common in slab and box sections.. Both 
are torsionally stiff so that k = EI /GJ has values less than two for y 
practical sections. In addition, k is rather insensitive to the usual 
variations in thickness and depends primarily on the ratio h/b for the 
section. Furthermore) for both slab and box sections) the cross-sectional 
parameters may be expressed in terms of only one variable) k or h/b. Thus 
one could put the slab and box sections into a broader class of "closed 
sections" . 
3. The channel sections have properties considerably different 
from the closed sections in that here the value of k is very sensitive to 
small variations in t because of J being proportional to the cube of 
av 
t Moreover) two independent variables) h/t and h/b) or k and i, are 
av av 
required to express ap:proximate relationships with other :parameters 0 This 
may be true of other sections like T- or I-shapes. We may broadly classify 
them as "open sections U • 
4. The parameter t3 is to be treated more or less as an independent 
variable. 
Finally} although the· above conclusions help to reduce the number 
of variables to be considered1 it would be necessary before adopting this 
procedure to evaluate the effect of variation of the various parameters on 
the value of beam-momentso This aspect of the problem. is studied in detail 
in Chapter V. 
Dl • DETERMINATION OF IDMENTS IN BEAM ELEMENTS 
2~. Form of Equations to be'Solve<; 
It was stated in Section 13 that Eqso 37 through ~9 were to be 
applied to all joints of the bridge in turn. We now proceed to obtain the 
resultant form o'f the complete set of simultaneous equations for a bridge 
with N beam-elements. For convenience, let us deSignate the coefficients 
.. . . I I I 
of unkno"WIl forces qj-l' qj and. qj+l in Eq. 37 as Q-l' Qo !. Q+l~ in Eq~ 39 
II II II. III III III . 
as Q 1) Q ) Q 1: and In Eq. 38 as Q 1 ,Q and Q 1 ' respectlvely. 
- 0 + - 0 + 
Similarly, we shall have coefficients, R:l ,. R;, R~l' R:i, etc., for forces. 
r. l , r., r. 1 in Eqs. J- J J+ 37) 39, and 38;- respectively, and also coefficients 
I I S l' S , etc. 
- 0 
Some of these coefficients are actually zero as, for example} 
QIII RI and SIll. 
o '0 0 
These terms} however, are not dropped in the following 
discussion. 
We assume € = 0 as decided in Section 18, assume a single con-
centra ted load on beam j alone for obtaining influence ordinates for M~ 
and desigr~te the coefficients of Pj in Eqs. 37 and 39 as Xl and X2 0 Setting 
the magnitude of p. = 1, we can write Eqs. 37, 39 and 38) respectively) in 
J 
the folloving form: 
I -
+ SIs. 1 - (Xl)~ . + (Xl)~ . 1 = 0 + J+ J=J J=J+ 
II - I1- 11- 11- II- II- 11- 11-Q -lqJ'-1 + Qo qj + Q lq· 1 + R lr. 1 + R r. + R lr. 1 + S 1 6 . 1 + S 6. + J+ - J- 0 J + J+ - J- 0 . J 
II- . 
+ S lS' 1 - (X2)~ . + (X2)~ . 1 = 0 
+ J+ J=J J=J+ 
111- III-
+ So s j + S +1 6 j+l + 0 = 0 
-41-
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Applying these equations successively to the N-element bridge we obtain the 
equations shown in Table 50 It is observed that the coefficients occur only, 
on nine subdiagonals and in the locations to their left and right. It is 
also seen that the coefficients of. the load term advance down in a systematic 
way as the load position changes from J = 2 to 3 to 4 etcO) the arrangement 
is} however} different for j = 10 The pattern shown by the equations has 
been utilized to generate the equations from computed coefficients within 
a high speed digital computer., 
22 n Form of Presentation of Moments 
Equation 30 gives the moment M Which, in terms of the dimension-
Y 
less parameters introduced in Section 13, can be written in the following 
form~ 
[M ] = 1: (P.) L 2{_2_ + 2f3Cz//p) [q._ q.] 
Y j m 2 J m 2 2 m1r J -1 J m 
m 1C 
. mroc 
Sln --L 
. in which the forces qj-l' qjJ S j-l and S j wi thin the braces are obtained 
with (Pj)m = 1. 
It may be seen that the total quantity within the braces in 
Eqo 52 is independent of both the position of the load along the span and 
the section of the bridge at which the moment is desired. Thus) if 
( 52) 
(M . ) = {_2_ + 2f? Ci/!p) [q. - q.] - 22 2 [8. - s.] } - ) ( 53) 
-J m m2.,.,.2 m1r J-l J, om. J-l J m (p. =1 
JL m 1r J m 
we get 
[M.J = -21 (P.) L2 (M.) sin mL10C YJ m J m -J m 
I 
.....I 
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It may also be noted that the independent term 2/m2i2 inside the braces in 
ECl. 52 results from ,the load being applied directly on beam j ~ If the beam 
does not carry external loading directly', this term does not: appear 0 
fore, the expression for (M.) given by ECl. 53 is for a loaded beam. 
, -J m 
unloaded beam, (M. ) is gi ven by 
-J m 
There-
For an 
( 55) 
Equation 54 now gives the moment in any beam, loaded or unloaded, 
depending upon (t!j) m • Values of (M.) were calculated for various combina-
-J m 
tions of dimensionless parameters for slab, box, and channel sections, and 
used for finding influence ordinates for beam moments for several positions 
of a unit load on the bridge. In the case of a single concentrated load on 
beam j, (Pj)m is given by ECl. 3 as follows 
2P 
(-Pj) m = =.1 sin m1l:C L L 
Substi tuting this in E<l. 54, we have 
[M .] = p. L (Mj) sin mL1l:c sin mL10C YJ m J - m 
Knowing (~,) , it is simple matter to obtain moments from ECl. 56 for any 
oJ W 
given values of c and x. 
( 56) 
Expressions 53 and 55 for loaded and unloaded elements, respectively, 
are used to generate the moment coefficients (M.) within the computer after 
-J m 
the equations of Table 5 are solved for forces q., r. and s., etc. 
J J J 
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23 .. Programming for Hign Speed Digi tal Comput~r 
·The digital. computer used for this investigation wos the University 
of Illinois high speed computer called the ILLIAC.. It is a single .address 
binary machine with immediate access electrostatic memory of 1024 words. Each 
location can contain a piece of data or two instructions at a time. In addition, 
the machine has an additional electromagnetic memory of 12)800 words in the 
form of a rotating drum. Information is easily transferred between the two 
memories. Details of the order code and available library subroutines can 
be found in the ILLIAC Programming Mariual (12) 0 
The computer program used in this study may be divided into three 
main parts ~ 
(a) Computation of coefficients Q:l' Q; co .• s;II) S~iI from the 
dimensionless parameters k, i, a, i/bj;! Z;~lb,::~'Rj~~ ,Q f1ild·~.~.~:Whickuha'Ve::been(;:r.eado 
into the·.maahine. 
(b) Generation of the equations of Table 5 using the above computed 
coefficient) and the solution of the resulting equations. 
( c) Computation of the moment-coefficients 
unloaded beams) using Eqsc 53 and 55, respectively. 
(M . ) in the loaded and 
-J m 
The description of the e~tire program indicating the various steps 
in the computations is given in Appendix Bo However.~ to avoid unnecessary 
details, the actual machine language instructions have been omitted. 
24.. Convergence of Moment Terms 
From statics, the sum of the longitudinal bending moments in all 
beams at any section of a multibeam bri.dg~ must be equal to the simple span 
I 
. ./ 
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moment due to the same loading at the same section. If a simple span carries 
a loading given by 
Cp) = (P) sin m
L
1tX 
x m m 
the moment at any section may be shown to be: 
. L2 - . mrex: (M) = ~ (p)m Sln L 
ym mn: 
Substi tuting for (p) from Eq. 3 and rearranging, we have 
m ! 
(My)m __ 2_ . ~ . ~ 
PL - 2 2 Sln L Sln L 
m n: 
The same result is obtained by summing the moments (M .) in the loaded 
YJ m 
and unloaded beams as given by Eqs. 52 through 56. Thus, if a load P is 
placed on beam j of a bridge with N beams, we obtain the following 
expressions for moments in beams 1 through N: 
(M ) _ -"'. 
Y2 m _ {~[- -] 2 [- -]}. mn:c . m1tX PL - ql - % m - ~ sl - s2 m Sln L Sln L 
mn: m n: 
.. 
e 
( 57) 
[8-:- - s-:-] L . mn:c . mrex: 
J-l J mJ Sln - Sln--L L 
(MyN) m _ {2f3ZVb [- 0] 2 [- 0] } . mn:c . mn:x PL - - m;:{ %-1 - m -~ sN_l - m Sln L Sln r::-
m n: 
2 Adding all the moments together, all termB within the braces except ~ 
vanish. Therefore, 
N 
i: 
j=l:, 2, •• 
m rc 
( 60) 
( 59) 
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which is the same as given by Eqo (58) 0 Equation (58) may therefore' be used 
to study the convergence of moment terms with increasing m. 
The following table gives the valu.es of the right hand term of 
Eqo ( 58) for three'cases~ 
c = L/2) x= L/2 
c. = L/2) x= L/4 
c = L/4J x = L/4 0 
By mathematical symmetry, the second case also represents c = L/4) x = L/20 
The sum of all terms of the series to infinity. shown in the last line is 
obtained by finding simple span moment due to a concentrated load 0 The con-
vergence of the infinite series whose general t~rm is given by the right hand 
side of Eqo (58) is establishedJ in Appendix Co 
VALUES OF _ 2 .mn:c· :'. mme ~,sin;~· Slll"T FOR VARIOUS VALUES OF CJ x and m 
m 1t 
L L L L L L L L 
c = 2' x=- c=-, XF:'4 or c='4J x2 C =: 4' x=1+ m 2 2 
Value }- Value 10 Value 0/0 
'1 .20264 81.06 .14329 114.63 010132 540'04 
2 0 0 0 0 005066 27002 
3 .02252 9.01 -001592 -12074 001126 6000 
4 0 0 0 0 0 0 
5 .OO811 3.24 ~000573 - 4.58 000405 2016 
6 0 0 0 0 000563 3000 
7 000414 1066 .. 00292 2034 000207 1010 
8 0 0 0 0 0 0 
0 } 0 !Xl ,,01259 5004 000044 0035 001251 6.68 
TOTAL 0025000 100 0.12500 100 0018750 100 
-4~-
From the above table it can be seen that the first five terms account 
for more than 90 ~ercent of the total moment. Since the convergence is rather 
slow beyond m = 7 the computations for individual beam-moments were stopped 
at that point. Beyond m = 7, the balance of the total moment, equal to the 
sum for m = 8 through 00, was distributed approximatel'y- to the various beams e 
This aspect of the problem is considered in the next sectiono 
25. Distribution of Correction MOments for Sum to Infinity 
The distribution to the individual beams of the balance of the total 
moment for m = 9 to 00 is based upon two considerations: 
(a) If for any value of m, the moments in some of the beams become 
negative, the question arises Vhether or not the moment in any of the other 
'beams can become more than the sum of moments in all the beams.. If the moment 
in a beam can exceed the sum of all beam moments, it means that the beam 
moment may diverge and become unbounded. This, however, does not happen in 
the present case, as it has been mathematically shown in Appendix C that the 
individual beam moments do converge. 
(b) The moments in different beams are likely to converge at 
different rates. Those beams in which the convergence of moment terms is 
slower should receive a relatively larger share of the remaining momento 
From the numerical solutions for m = 1 through m = 7, it is possible to 
formulate a method for an approximate distribution of the remaining moment 
among the vtirious elements. The moment coefficients eM.) given by Eqo 53 
-J m 
The follcrwi.ng quali tative:conc1:usionp may be, dra'WIlf:tomr:these' tables: 
The loaded beam carries the maximum momento ( l) 
( 2) , b, The parameter ~ == L seems to be the most important quantity 
in the lateral distribution of moment among the elementso The smaller ~ 
becomes the more uniform is the distribution of moment among the beams u 
The moment coefficients (M.) for loaded beams have the 
-J m 
slowest convergence) and the farther the beam element is from the loaded 
element, the faster is the convergence of its moment coefficient (M.) . 
-J m 
(4) By virtue of conclusion (3), the loaded beam carries a 
greater and greater share of the simple span moment for increasing values 
of mo 
From the above conclusions it follows that the loaded beam receives 
a larger :proportion of the remaining moment for m == 9 t,o oos than it does 
for m == 70 Yet,~ it is also true tha.t the distribution of moment coeffi-
cients in the various beams for m == 7 will be closer tQ the actual 
distribution of the rema.ining moment than that for any other value of 
m from 1 through 60 Realizing that the momynts to be distributed are them-
1 1 
selves ,small, (500 :percent of the total fore == 2' x = 2' and 607 :percent 
for' c ==~, x ==~) even large errors in their distribution will give rise 
to only small :percentage errors in beam moments n The simple method ado:pted 
for distributing these moments is as follows~ 
The remaining moment for m == 9 to 00 may be distributed to variOUB 
beams in the same :pro:portions ~s the moment for m == 70 Algebraically this 
may be stated as~ ~ N 
( ) .~k'lO, .. !ij m:=9 to 00 N J. J=l,2J " u (M.) -J m o (M.) 7' -J m= ( 60) 
I 
1 
I 
,,.j 
'../ 
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in which (M.) 7 
-J m= = moment-coefficient in any beam j for m=7 
(M,) 
-J m = moment-coefficient in any beam j for any m 
(M) - approximate moment-coefficient in any: beam J' for 
-j m=9 to OJ -
m=9 to co. 
The probable maximum error in the beam moments resulting from this 
procedure is studied in the next section. 
26. Probable Maximum Error in Beam Moments 
It -was stated in Section 25 that the moment coefficients CM.) 
-J m 
have the slowest convergence for the loaded beam. Hence the approximate 
distribution as given by Eq. 6 should produce the maximum error in the moment 
in the loaded beam. For studying the probable maximum error in moments, two 
eight-element bridges are considered here. In the first bridge, closed 
sections with a small value of ~ are used so that the bridge represents a 
very flexible structure. In the second bridge, channel sections are used 
"Wi th values of k and ~ corresponding to a bridge that is on the extremely 
stiff side. The moment coefficients are found for a concentrated load placed 
centrally at midspan on Beams' I and IV in turn and taking m = 1, 3, ...• 190 
Element I is on the extreme left and Element IV is the fourth element from 
the left and. thus the innermost element as shown in Fig. 21. For these 
bridges, Tables 6 and 7 give the moment coefficients, the total static 
moment for each m, the percent distribution of ~ for m = 7; the percent 
distribution of ~ for m = 9 to 19, the approximate moments as obtained by 
Eq. 61., and the total beam moments obtained a.ccording to the' proced.ure 
outlined in Section 25. 
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A comparison of the percentages for ill = 7 andm = 9 to 19 for the 
two bridges indicates that as m-increases, 'the percent moment in-the_loaded 
beams of the flexible bridge increases much more than that in the stiff bridge. 
Thus to distribute the moment beyond m = 7 in the ratio of the moments for 
m = 7 would cause greater error in the loaded beam moment for the flexible 
bridge than £or the stiff bridge. Furthermore, the absolute value of the 
moment in the loaded beam of the stiff bridge is also larger than in the 
flexible bridge. Therefore, the percentage error in the stiff structure will 
be even smaller than in the flexible one. 
Considering now only flexible bridge, £or which the error will be 
greatest, we may consider two loading cases, as follows. 
(a) Element I Loaded (Table 6a) 
Summing the moments for m = 1 to 19, it is found that the total 
static moment accounted for is 0.24494 PL Which is 98 percent of the total 
of 0.250 PL. The corresponding moment in Element I is 0.04580 PL. It is 
further observed that the percentage for Element II for m = 9 to 19 is almost 
the same as its value for m = 7. If it is assumed that approximately 
75 percent of the remaining moment of (0.250-0.24494) PL = 0.00506 PL goes 
in Element I, the total moment in Element I becomes 0.04960 PL. The moment 
in this element according to the approximate procedure of Section 25 is 
0.04715 PL. This is 4.9 percent less than that obtained by the above 
procedure. 
(b) Element IV Loaded (Table 6b) 
The moment in Element IV from m= 1 to m = 19 is 0.03599 PL. As 
m increases from 7 to 19, the percentage of moment going to the adjacent 
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elements III and V also increases, though to a lesser extent than for 
element Dr 0 Assuming that approximately 60 percent of the remaining moment 
0.00506 PL goes to Element IV, the total moment in Element IV becomes 
0.03903 PL. The moment in this element according to the approximate pro-
cedure of Section 25 is 0.03663 PL. This is.6.2 percent less than the 
above probable maximum moment. 
The probable maximum errors of 4.9 and 6.2 percent obtained above 
are based on conservative estimates of the share of the moment beyond m = 19 
in the loaded beams and occur in the most flexible bridge considered in this 
study. It may be pointed out that for the flexible bridge considered, 
~ = .025, that is, L/b.= 40 whereas the actual maximum L/b used in practice 
from Table 2 is 1/0.0388 = 25.80 Therefore} the error in the loaded beam 
moment can be expected to be less than 4.9 and 6.2 percent~ 
There is still another factor 'Which reduces the significance of 
this error 0 The actual loading on the bridge consists of wheel loads several 
of Which act simultaneously to produce the maXimum moment in a given beam. 
Since the total moment for a given m has a fixed value, a reduction of loaded 
beam moment is accompanied by a corresponding increase in the other beam 
moments. Therefore, although the moment due to the load directly acting on 
a given beam is reduced} the effect of the other loads is to increase this 
moment. The net effect is very much less than that indicated by the above 
percentages. 
It may therefore be concluded that the simplified procedure of 
Section 25 may be adopted for finding the total beam moments without causing 
any appreciable error in the maximum moments~ 
'v 0, EFFECT OF VARIATION OF PARA.MErER.S ON MOMENTS 
27 0 Parameter Combinations 
As stated in Sect.ion 20)' the approximat.e relations among the 
variables derived from the graphs in Figso 13 through 20 are accurate within 
about.:!: 10 perce.nt of their computed values~ In order to find whether such 
approximate relations Could be adopted without causing any import.ant error 
in the beam moments.9 the parameters are varied here) one at a time) between 
rather extreme values. Table 8 'shows the parameter combinations adopted for 
this purpose 0 For this compat"ative study of the variables, the concentrated 
load is placed at the midspan of the bridge) on the outermost and the i.nner-
most beams only (Elements I and IV) J so that t,he effect of the parameters 
on the inoments in these extremely si t1..l.ated beams could be considered. Also) 
the moments are calculated at mid-Spano 
28. Effect of Variation of Parameters 
For ths:: parameter combinations of Tahle 8.q the moments were c.al~ 
culated according to the procedure outlined in Chapter IV" Table 9 shows 
these moments for slab and box section55 ' and Table 10 for channel sec·tions" 
The set numbers in these tab.les correspond to those of Table 80 For the 
purpose of studying the changes in moments ca:used by the variation of indi-
vidual parameters., the moments in the loaded beams are conSidered, since 
they are the largest in magnitude and undergo the greatest. numerical changes 0 
The set,s of parameters wbich correspond to the approximate relationships of 
Table 4 are taken as the Ustandard'''J and all changes of moments are compared 
"With the moments obtained for these sets ft The 'listandard lf sets in Table 8 
are the following ~ 
" 
-----
Slabs Set No. 1 
Boxes Set No.5 
Channels Set No. II 
The percent changes of moment corresponding to the variation of individual 
parameters are given in Table 11 for slabs and boxes and in Table 12 for 
channels. The set numbers for which the results are actually compared are 
also shown for ready reference e The conclusi'ons based upon Tables II and 12 
are given in the next section. 
290 Conclusions 
Tables II and l2 show the percent change caused in 'the maximum 
moment in the loaded beams of slab and box and channel bridges, respectively, 
I 
when one parameter is varied by a certain percentage independently of all 
the others. No attempt is made here to correlate mathematically the two 
percent changes as such relations are likely to depend upon the absolute 
values of other parameters 0 Nevertheless, the following quali tati ve 
conclusions may be drawn on the basis of results given in Tables II and 12~ , 
(a) Slabs ~~d Boxes 
, 
.,.L. Large variations of the parameters i, a and z/b (same as z'/b) 
have very little influence on the beam moments. Hence, the approximate 
relations between these parameters and k given in Table 4 may be 'used for 
further calculations 0 That is, ~iations of i 10 percent in the values 
of parameters iJ a and z/b will have no practical significance so far as 
moments M are concerned. y 
2. The parameters k and t3 both remain as significant variables 
and their variation must be taken into account in further studieso 
30 The number of beams.N together with ~ determines the ratio of 
the t.otal. wdi th of bridge to its span 0 Since) for determining maximum moments 
due to the AASHO loadings) the actual width of both the elements~and the 
bridge as a whole are to be considered, N must be considered as a variable 
for further work. 
(b) Channels 
4. Large variations of the parameters a) i5 z1/b, Q and R have a 
small effect on the values of maXimum beam moments. The approximat.e relation-
ships of Table 4 between these paramet.ers and the ratios h/b or hit may 
. av 
therefore be used for further study 0 .. 
5. Parameters z/bJ k and ~ remain important independent parameters 
and their variations must be considered. 
60 The effect of a variation of N from 8 to 10 is insignificant 
in this case. However j becau£e of reasons given under 3 above, N is also 
considered as a variable in further worko 
i 
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VI. MAXIMUM MOMENTS AND DISTRIBUTION OF WHEEL LOADS 
30. Parameter Combinations 
It was concluded in Section 29 t.hat the a.pproximate relations 
between the various parameters derived in Chapter III may be used for cal-
culation of moments. In addition it -was shown that parameters k and ~ for 
slab and box sections and kJ z/b and ~ for the channel sections should also 
be vari ed independently. The parameter combinations planned. are intended 
to cover the whole range of the variables) also taking into account t.he 
-I variation of k and ~ for the slab and box sections and that of k, z/b and 
~ for the channel sections. The parameter combinations adopted are given 
in Table 13 and also shown in Figs. 13 through 19 by solid circles. A 
distinctive set number is assigned to each parameter combination studied 
for a given value of N. 
For N=4 and N=8 the moment coefficients eM.) were computed for 
-J m 
m=l through 7 for all the pal"ameter combinationss and the load. positions 
on the various beams in the left half ~dth of the bridge were considered. 
That is.~ the load was placed on beams I throueh Dr in Figo 20(a) and 
beams I and II in Fig. 20(b) 0 
The moments for N=lO were computed in order to study t.he possible 
effect of an increase in the number of elements on the lateral distribution 
of moment. A reduced number of parameter sets was used for N=lO and the 
moment coefficients were calculated for odd values of m only. Therefore) 
the moments M in this case could be obtained for symmetrical loadings y 
only. 
The moment coefficients computed above were used to obtain the 
influence lines for moments in beams as indicated in the next section. 
HoweverJ they are not included in this report for brevity. 
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310 Influence Lines for Beam M:nnents 
In order to determine accurately the maximum moment at any section 
of a bridge due to moving loads, an influence surface for the moment at that 
point is required; many such sections must be considered if a maximum moment 
surface is desiredo However, the problem is simplified by the fact that the 
primary interest in design lies in finding the absolute maximum moment, 
which generally occurs at or close to mid-spano To determine the maximum 
mid-span and quarter-point moments, three types of influence lines were 
obtained as follows: 
(a) The influence line for moments at mid-span when the unit 
load is moving transversely at mid-span of the bridge; that is, c = L/2, 
x = L/2. 
(b) The influence line for moments at mid-span when the unit 
load is moving transversely at the quarter-point of the span; that is, 
c = L/4) x = L/2. Since c and x are interchangeable in the term 
sin m~c sin m~, the results in this case hold also for c = L/2J x = L/4. 
(c) The influence line for moments at the quarter-point when 
the unit load is mOving transversely at the quarter-point of the span; 
that is} e = L/4, x = L/4o 
From Eq. 56) the moment in a beam is given by 
= P L (M ) . mne . mnx . . Sln ---L sln---L J -J m 
F th b thr b . t· f d th 1 f' mrcc . m1lX or e a ove ~ee com lna lons 0 c an x; e va ues 0 Sln ~ Sln ~
are given in the follOwing table~ 
/1 
I 
...J 
I 
......J 
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VALUES OF sin m~c sin m~ AND TOTAL MOMENT BEYOND m:::: 7 
. mne . mme f equal to Moment Sln -r- Sln ~ or m beyond 
. 
ill = 7* 1 2 3 4 5 6 7 
L L 1 0 1 0 1 0 1 0.01259 PL c = 2' x = 2 
L 
!} c = 2' x= 1 1 1 1 0 0 0 - 0000044 PL L .[2 .[2 .[2- .[2 c = 1'}' x = 
L L 1 1 1 0 1 1 1 0001251 PL c = 4' x = 4 2 -2 2 2 
* See table in Section 24. 
The procedure for determining the moments explained in 
Chapter IV may be summarized as below~ 
( a) For given c and x, multiply the moment coefficients (M.) 
-J m 
b PL d b th al f · mnc . mnx. . th t bl Y an Y .e proper v ues 0 Sln ~ Sln ~ glven In . e a e 
above up to c= '/ . 
(b; Distribute the total moment for m > 7 as given in the 
table above, ~c ~~e various beams in the ratios of the moment for m::::7. 
( c; :":1e sum of the moments in any beam for m=l through 7 and 
that for w > : ~s the resulting moment in that beam. 
In t!-i~ 6 W"8.y, the moments in the various beams are obtained for 
load positions on element I through element N/2 (See Fig. 20). Therefore, 
the influence ordinates for the moments in the beams I to N/2 can be 
obtained directly for a unit load placed successively on elements I to 
N/2. To get the influence ordinates for load positions beyond N/2, the 
symmetry of the bridge about its longitudinal center line is utilized. 
For example) in an eight~element bridge) a load P acting on element VIr 
will produce the same moment in element I as the same load acting on 
element II produces in element VIII. Thus, the influence ordinate for 
moment in element I when a unit load is actong on element VII is the 
same as the moment produced in element VIII when the unit load is placed 
on element II. 
Influence coefficients obtained by dividing the influence 
ordinates by L for the various parameter combinations of Table 13 for 
N=4) 8 and 10 are given in Tables 14 through 19. For N=4 and N=8) the 
influence coefficients are for the three sets of c and x; but those for 
N=lO are only for c = L/2) x = L/2. The set numbers in these tables 
correspond to those assigned in Table 13. From the influence coefficient 
tables the following observations can be made~ 
l. In the case of slab and box beams) the magnitude of the 
moment in the loaded beam decreases as the parameter ~ = b/L decreases. 
There is a corresponding increase in the moments of the unloaded elements. 
Since the ~dth of the beams varies only within narrow limits) it follows 
that the distribution of moments to various beams becomes more uniform as 
the span of the bridge increases and it becomes more flexible. The value 
of the parameter ~ may be considered as a good measure of the stiffness 
of slab and box beam bridges--the larger the value of ~J the stiffer the 
bridge. 
2< In the case of ch~nnel beams, the stiffness of the bridge 
is found to depend upon a combination of ~ and k (it is found later that 
a parameter proportional to ~ determines the distribution of moments) 0 
The stiffness increases with increasing values of ~ and ko 
· , 
....J 
-59-
Typical influence lines are shown in Figs. 21 through 26. For 
each type of loading and number of beams, two parameter sets were chosen 
from Table 13 such that one of them was the stiffest and the other the 
most flexible. The influence lines are shown for the outermost and the 
innermost beams only. The positioning of wheel loads on a transverse 
section of the bridge in order to produce maximum moment in a given beam 
becomes quite clear from these diagrams. 
32. Standard Truck Loading 
The standard truck loading which has been used here for finding 
maximum moments in beams is that specified as H-S loading in the AASHO 
Bridge Specifications (5). The standard truck has the wheels of each axle 
spaced 6 ft apart and consists of a truck and trailer with a wheel base 
made up of three axles. The front axle is 14 ft from the rear axle of 
the truck. The distance between the rear axle of the truck and the axle 
of the trailer may va:ry from 14 to 30 ft 0 If we call the load on each 
rear wheel P, each front wheel carries 0.25 P and each trailer wheel 
carries P. Figure 27 shows a sketch-plan of the wheel loads. 
Each truck is considered to occupy the central part of a 10 ft 
traffic lane. In accordance with the AASHO SpeCifications, the distance 
between the center of a wheel and the face of the curb is taken as a 
minimum of 2 ft, and the distance between the centers of the nearest 
wheels of trucks in adjacent lanes is taken as a minimum of 4 ft. The 
positioning of the loading on the bridge as influenced by the above 
dimensions is considered in the following section. 
33. Positioning of the Loads for Maximum Moments 
The critical position of loads causing ~mum moment at any 
section depends first upon the shape of the influence line for moment 
at that section) and second upon the relative spacing of loads. The 
influence lines as given for moments in Figso 21 to 26 indicate that 
for maximum moment in any interior bea.m, one of the wheel loads should 
be placed at the senter of this beam and the other loads should be as 
close to it as possible" The maximum influence ordinate for moment 
in an exterior beam occurs at its outer edge. vmereas it is possible 
to place a wheel directly at the center of all interior beamsJ it is 
not pract:Lcalbe to pla'ce a load on the exterior beams because of the 
presence o:f curbs 0 From the standard plans of the Bureau of Public 
Roads (13) it can be seen that the closest position of the first wheel 
lies between two points~ one at a distance of 1~5 ft from the first 
joint towards the center of the roadway and the other at a distance of 
1 in. from the same joint toward the edge 0 To find the maximum moment 
in the edge element) the center of first wheel load has been placed at. 
the first joint. The ~mum moments thus obtained will therefore be 
conservative in most cases 0 Figures 28 to 30 show the load positions 
considered in relation to the transverse sections of the bridgeso The 
longitudinal positioning of the load is cl.i.scussed latero 
340 Maximum Moments 
From the load positions for maximum moments shown in Figso 28 
through 30J it is seen that some of the loads occupy central positions 
on the elements 0 For such loads the values of t.'1-).e influence ordinates 
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for moments can be taken directly from Tables 14 through 19. The moment 
influence ordinates for off-center positions of the load could be found 
graphically by drawing the influence lines from the computed central 
ordinates. However J they were found herein algebraically by passing 
parabolic curves through three consecutive points containing the point 
under consideration in between them. For example, if the moment ordinate 
at a point A, lying between the center of element III and the joint to 
the left) is required, we have 
MYA = ~2 MYII (~ - l)(L - 2) ~ M Z (l - 2) +! M Z (I - 1) (62) b b yIII b b 2 yIV b b 
where MyA = moment ordinate at the point under consideration 
MyII' MyIII' MyIV = moment ordinates at the centers of elements II, III, IV. 
y = distance of point under consideration from the center 
of element 110 
For points located between the center of element II and the 
joint to the right, the ordinates for element I, II and III were used 
for better accuracy. In general, the point for which interpolation was 
required was kept close to the middle of the range considered 0 
Without considering the loads other than those acting on a cross-
section of the bridge, and placing the loads as indicated in Figs. 28 
through 30, the maximum moments in the beams were obtained from the 
transverse influence lines for moments for the following cases~ 
(a) c L/2, x = L/2 
(b) c = L/4, x = L/2; same as c = L/2, x = L/4 
( c) c = L/4, x = L/4 
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The maxinn.un moments thus obtained were eXFressed as fractions of the 
corresponding static moment due to a single wheel load 0 For example) 
in case (a)) the static moment due to a single concentrated load is 
PL/4) in case (b) it is PL/8 and in case (c) it is 3PL/16. A fraction 
thus obtained is henceforth called the "fraction of a wheel load". 
The fractions of a wheel load were computed for the beams 
of one and two lane bridges consisting of beams 3 or 4 ft wide. Such 
fractions for the exterior beam and for the most heavily loaded interior 
beam are given in Tables 20 through 23. In the case of 8 or 10-element 
bridges, it is found that the first interior beam carries the smalles~ 
and the second interior beam (III) carries the largest fraction of a 
wheel load. The interior beam in Tables 22 and 23 for two lane bridges 
refers to beam 1110 The last column in the above tables gives the 
values of the parameter ~ for slab and box sections and a parameter B 
for channel sections. The parameter B is a function of ~ and k given by 
( 63) 
Substituting for k in terms of hit for channel sections from Table 4 
av 
into this equation, 
B = ~h/t = bh/Lt 
av av 
( 64) 
If 
I = hit av 
B = 'l ~ ( 66) 
The fractions of a Wheel load given in Tables 20 through 
23 are plotted in Figs. 31 through 34 against ~ or B as the case may be. 
The following observations are based upon Tables 20 through 23 
and Figs. 31 through 34. 
J 
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General 
The value of the fraction of a wheel load carried by a beam 
generally increases as the parameter ~ or B increases. Since ~ or B 
can be taken as a measure of the stiffness of a bridge, as explained 
in Section 31J it may thus be stated that the fraction of a wheel load 
carrled by a beam increases as the stiffness of the bridge increases. 
One Lane Bridges 
In the case of one lane bridges, the values of the fraction 
of a wheel load lie in a narrow range close to 0.5 for both b = 3 and 
b = 4 ft} and for all three combinations of c and xo Since the number 
of beams in this case is four and there are two wheels on a cross-
section) the figure of 0.5 in fact represents an equal distribution 
of load to the four beams. 
The effect of ~dth of beam on the fraction of a wheel load 
is not apparent in this case. The reason appears to be the 'use of the 
same number of beams in the two cases, so that the two wheels had to 
be shared by four beams in each case. Use of five beams 3 ft wide 
should give a result analogous to that obtained for two lane bridges 
given in the following paragraphs. 
Two ~~e) Slab and Box Beam Bridges 
In the case of two lane, slab and box beam bridges (Fig. 33), 
the fraction carried by the interior beam is generally more than that 
carried by the exterior beam. Thus the interior beam is apt to determine 
the design of the beams having slab or box type cross-sections. 
An examination of Fig~ 33(b) reveals further that the fraction 
of a wheel carried by an interior beam for c = L/2, x = L/2 is less than 
that for c = L/4, x = L/4 by about five percent and larger than that 
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for c = L/4, x = L/2 (same as c = L/2, x = L/4) by about ten percent. 
Since the absolute maximum value of the moment in a simply supported 
beam occurs near mid-span, and since the contribution of the wheels 
acting at sections other than mid-sp8Jl would be less than that indicated 
by the fraction at mid-spall, it may be concluded that the fraction of a 
wheel adopted on the basis of its values for c = L/2} x = L/2 would be 
conservative so far as the design moment of the beam is concerned~ 
Considering further the moments at the 'luarter,ospan of an 
interior beam of slab and box beam bridges} the error in the maximum 
moment would be about five percent if the fraction of a wheel load for 
c = L/2, x = L/2 is adopted universally and if the loads act only at 
the quarter-point. However, if loads act also at other sections near 
or beyond mid-span, their moments are overestimated by about ten 
percent when fractions for c = L/2, x = L/2 are adopted. Thus the 
error in maximum moment at the 'luarter-point wIll actually be less 
than five percent in most cases. 
From Fig. 33., it is seen that the points for b = 3 feet, 
N=lO are consistently lower than those for b = 4 feetJ N=8 under the 
same loading condition c = L/2, x = L/2 for both the exterior and 
interior beams. It is also observed that the curve joining the points 
for b = 4 ft has a steeper slope than the one joining the points for 
b = 3 fto 
Two Lane, Channel Beam Bridges 
In the case of the two lane, channel beam bridges (Fig. 34), 
the fractions of a wheel load carried by the interior beam are generally 
I 
..j 
./ 
'--.---
larger than those carried by .the exterior beam although by a smaller 
margin than in the case of slab and box beam bridges 0 
Here also, the fractions for the interior beam for c = L/2, 
x = L/2 are smaller than those for c = L/4) x = L/4 and greater than 
those for c = L/4, x = L/2 (same as c = L/2, x = L/4)) but the respec-
tive percentages are about three and six percent. So the fractions 
for c = L/2, x = L/2 can be adopted for design as discussed for slab 
and box beam bridges 0 
The effects of width of beam and number of beams on the 
fractions of a wheel load in this case are similar to those for slab 
and box beam bridges. 
Based upon the above observations) simplified formulas, which 
may be adopted in design practice} are presented in the next sectiono 
35. Simplified Formulas for Design 
The following conclusions may be ·drawn from the observations 
recorded in Section 34~ 
1. A uniform value of the fraction of a wheel load carried 
by interior beams may be adopted for finding the moment at all points 
of the interior beams. 
2. The same fraction as adopted for interior beams, if used 
for exterior beams, leads to conservative moments in the exterior beams 
in almost all caseso Since it is customary to use the same cross~ 
section for ~11 beams of a bridges the same design fraction of a wheel 
load may be adopted for them. 
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30 The effect of width of beam and total number of beams must 
be considered together, since the two factors combined determine the 
total width of the bridge and consequently the maximum number of wheels 
that can come on a cross-sectiono 
Another important aspect of the determination of the design 
fraction of a wheel load for beams is that this fraction cannot be less 
than the average load per beam in any case. For example, let Np be the 
maximum number of Wheel loads that can be placed on a cross-section of 
the bridge according to AASHO Specifications for the number of traffic 
lanes. Then) the average fraction of a wheel load per beam is Np/No 
The actual fraction should be equal to or more than this n The actual 
fraction will theoretically equal Np/N for an infinitely long span, 
or) in other words, for ~ = b/L = 0 and B = bh/Lt = 00 
. av This determines 
one limit of the range of spans 0 On the other extreme, when span becomes 
very small) the deflection of the beams become small and a wheel load 
placed on a beam will be supported almost wholly by that beam. For 
such a case, the fraction of a wheel load going to that beam will be 
1.0. However) this is only a theoretical value which can never be 
reached because the theory as presented herein does not apply to short 
beams where shear deformations become important. 
Based upon the above considerations; the formulas given in 
the follo~ng table are proposed~ 
J 
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FORMULAS FOR FRACTION OF A WHEEL LOAD TO BE USED 
FOR DESIGN OF BEAMS OF MULTIBEAM BRIDGES 
Type 0 l' Beam Bridge Designed For Bridge Designed For Two One Traffic -Lane or MOre Traffic Lanes 
Solid Slab } 2 1 b Np 2bLL Hollow Slab i+4L N [ 1 + 006 + 2b!L) Box 
Channel 2 1 b ~ [ 1 + 1 If + 10 L N 
KnOwing for what fraction of a wheel load the beams are to be 
designed, the maximum moments in the beams may be found for a train of 
loads in 'Which all the wheel loads of standard AASHO trucks have been 
multiplied by the design fraction 0 
VII. SUMMARY AND CONCLUSIONS 
This report has presented an analytical study of the lateral 
distribution of wheel loads on multi beam highway bridges. The type of 
multibeam bridge considered consists of precast beams placed side by 
side) each connected to the adjoining ones through continuous longitudi-
nal shear keys. The beams may be either reinforced or prestressed 
concrete. Transverse bolting may be used to hold the beams together. 
Three types of beam cross-sections in common use were studied: 
solid or hollow slab sections) box sections and channel sectionso 
Five steps were involved in the investigation to reach the 
desired objective of obtaining simple formulas for the design of the 
beam elements) as follows: 
A. Development of Method of Analysis 
A general method applicable to closed as well as open sections 
has been presented to find the moments) shear and torque} etc.) in the 
beams of a multibeam bridge. Warping and torsion-bending characteristics 
of beam cross-sections were taken into account. 
The method of analysis is based upon the usual assun~tions of 
the theory of elasticity together with the following: 
1. The various beams are all alike) prismatic and stmply . 
supported at ~~e ends. 
2. The bridge is not skewed. 
3. The connection between the adjacent beams is a virtual 
hinge) capable of permitting rotation but not translation or longitudinal 
sliding. 
In the method presented) the equilibrium of the individual 
beams is considered first together with the unknown joint forces; then) 
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the continuity of the bridge in the transverse direction at the joints is 
established by satisfying the conditions of compatlbili ~r:Cf _ strains,-:.at 
the joints 0 This gives rise to simultaneous ordinary differential equationso 
In order to transform the simultaneous differential equations to simultaneous 
algebraic equations, the loads are expressed in terms of Fourier sine series, 
and one term of the series is taken at a timeo This results in three simul-
taneous algebraic equations per joint so that three times as many equations 
as the joints are to be solved for the joint forceso Kno~ng the joint 
forces) the values of moments, shears, etcO) are easily found for each 
Fourier term. The total value of these functions is then obt~ined by 
summing the values for all the terms of the Fourier series to infinity. 
The final equations are expressed in terms of certain dimension-
less parameters which are based upon the dimensions and properties of the 
beams. 
An alternative derivation of the equations by the energy method 
is also presented. 
B. Study of Variables 
TI:e \~iables that have been considered in these studies areg 
the modulus of elasticity and shear modulus of the material; the total 
width_9 the Epa.,,: of the bridge and the number of beams; the magnitude and 
the posi ti~r. of t.he loads; and the area) moment of inertia, torsional 
stif:fness, to=-.s.~on-beruling and warping constants, and relative locations 
of the hinge, shear center and center of gravity of the beam cross-section. 
It is apparent that for a general solution of the problem of distribution 
of wheel loads on multi beam bridges} the maximum range of variation of 
the variables should be considered. 
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The modulus of elasticity and shear modulus occur as a ratio 
which attains a constant value of 2.0 for concrete if Poissonis ratio is 
ass~~ed zero. This value was adopted and the effect of variatiop of the 
pertinent parameter containing this ratio on the moments was considered. 
One lane bridges with 4 beams and two lane bridges with 8 or 
10 beams, 3 or 4 ft wide in each case, were considered for finding moments 
in beams due to AASHO standard truck loading. The ratio of span to width 
of the beam was varied from 5 to 25 for slabs, 5 to 20 for channels and 
19 to 40 for box beams. 
For a study of the range of variation of those dimensionless 
parameters which depend upon the cross-sectional properties, standard 
sections from the following sources were considered~ 
(1) Standard Prestressed Concrete Slabs for Highway Bridge 
Spans up to 55 Feet, Joint Committee, American Association of State 
Highway Officials Committee on Bridges and Structures and Prestressed 
Concrete Institute. 
(2) Standard Prestressed Box Beams for Highway Bridge Spans 
to 103 Feet, Joint Committee, American Association of State Highway 
Officials Committee on Bridges and Structures and Prestressed Concrete 
Institute. 
(3) Standard Plans for Highway Bridge Superstructures, 
Bureau of public Roads) Washington,. 1956. 
(4) Precast Concrete Slab Bridges) Book of Standards, Nelson 
Concrete Culvert Co., Champaign j Illinois. 
In order to widen the range of variables as much as possible, certain 
arbitrary sections of rather extreme dimensions were also included. 
The values of the parameters obtained for various sections 
were studied to determine any possible relations between the parameters. 
The conclusi.ons are summarized below~ 
I 
...J 
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10 Each type of cross~section--slab} box or channel--is a class 
by itself so far as the relations between the parameters are concerned. 
2. For slab and box sections, cross-sectional parameters may 
be expressed in terms of only one variable within about + 10 percent 
variation. 
The ratio of the bending stiffness of the cross-section of the 
beam about the horizontal axis to its torsional stiffness was taken as 
the independent variable. By itself, this variable was found to be 
linearly related to the ratio of the over-all dimensions of the slab 
and box sections. 
3. For channel sections, two independent parameters are 
required to express approximate relations with the other parameters 
which would be accurate wi thin .:t 10 percent. The ratio of the over-all 
depth to the over-all width and that of the over-all depth to the 
average thickness of the channel are found to be the two independent 
variables. 
C . Determination of Beam Moments 
The simultaneous equations were solved on the ILLIAC (the 
University of Illinois digital computer) to find the indeterminate 
forces at the joints. Knowing these forces, all the moments, torque 
and shear in beams can be found 0 However 7 only the longi tudinal 
bending moments were computed in this study since these appear to be 
the most significant quantity, and are also the most useful in design 
practice 0 
The beam moments were computed in this manner for values 
of the Fourier series terms from mrl to 70 For obtaining the sum to 
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infini tYJ an approximate procedure was adopted 0 It was shown that the 
maximum error caused in the moment in the loaded beam was less than 
6 percent in the interior beams and 5 percent in the exterior beams. 
A mathematical proof of the convergence of the beam moments 
is also presented. 
D. Effect of Variation of Parameters on Moments 
The approximate relations between the parameters were accurate 
within about ~ 10 percent. In order to find whether such approximations 
could be adopted without causing any important error in the beam moments, 
the parameters were varied one at a time between rather extreme limits 
and the effect of this variation on the moments in the outermost and 
innermost beams of an eight-beam bridge was studied. The conclusions 
arrived at are summarized below~ 
Slab and Box Sections 
Large variations of the parameters involving the cross~sectional 
area, the moment of inertia of the section about the vertical axis, and 
the distance of the hinge to the shear center or the center of gravity 
have very li ttle .~r.:luence on the beam moments. The approximate relationsJ 
which are acc~u~e -:thin + 10 percentJ can therefore be used with little 
The rat~o of beam width to span was found to be the most sifni-
ficant paraneter. The next in importance is the ratio of the bending 
stiffness of the cross-section about the horizontal axis to its torsional 
stiffness 0 
Channel Sections 
Large variations of the parameters depending upon the cross-
sectional area, the moment of inertia of the section about the vertical 
-
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axis, the warping and torsion-bending constants, and the distance of the 
hinge from the center of gravity have a small effect on the values of 
the beam moments. Thus, again} the approximate relations can be used. 
The ratio of beam width to span, the ratio of bendirig to 
torsional stiffness" and the vertical distance between the hinge and the 
shear center were found to be the important independent parameters, in 
decreasing order of significance. 
In both the cases, the effect of increasing the number of beams 
from 8 to 10 on the moments in the loaded beams is small. However, since 
the number of beams together ~th their width determines the total width 
of the bridge, and the maximum number of wheels that can be placed on a 
cross-section of the bridge depends upon the roadway width, the number 
of be~ was therefore retained as a variable. 
Eo Determination of Maximum Moments in Beams 
The parameter combinations for finding the maximum moments in 
the bearnE were based upon the conclusions listed above and covered the 
maximum range of the variables. 
Influence coefficients were computed for the moments in the 
various beamE of the bridges defined by the above parameter combinations 
for three cases: 
(a) Moments at mid-span for loads at mid-span; 
(b) Moments at mid-span for loads at quarter-point. The values 
are the same for moments at quarter-point for loads at mid-span; 
(c) Moments at quarter-point for loads at quarter-point. 
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The standard H-S loading of the AASHO Bridge Specifications was 
then suitably placed at the mid-span or quarter-point sections of the 
bridge to produce the m.8.ximum moments in the beams 0 The maximum: moments 
so obtained were expressed as the flfraction of a wheel load Ii by dividing 
them by the corresponding simple span moments due to a single wheel load. 
A study of the fractions of a wheel load thus obtained led to 
the folloving conclusions~ 
1. A uniform value of the fraction of a wheel load based upon 
case (a) may be adopted for finding maximum moments at all points along 
the span of a given beam. 
2. The same value of the fraction of a wheel load per beam 
may be adopted for all beams, exterior and interior. In general, it 
results in conservative estimates of the moments in the exterior beams. 
3. The design fraction of a wheel load can not be less than 
the average share per beam of the maximum number of wheel loads Np that 
can act on a transverse section of the bridge. That is, the fraction 
can not be less than NP/N) Where N is the number of beams. 
Recommended Procedure for Design of Multibeam Bridges 
The live load bending moment for each beam can be determined 
by applying to the beam the fraction of a wheel load (both front and 
rear) determined from the expressions given in the following table~ 
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FORMULAS FOR FRACTIONS OF A WHEEL LOAD TO BE USED FOR 
DESIGN OF BEAMS OF MULTIBEAM BRIDGES 
Type of Cross- Bridge designed Bridge designed for 
Type of Beam : Section for one traffic two or more traffic 
lane lanes 
Solid Slab I I 
Np 
Hollow Slab 10 01 2 1 b (1 2 b!..L ) N + 4 L' N + 0.6 + 2 b!L) 
Box g 
IFO 2 b N 21 bLL Channel I 2 (1 N + 10 L N + 1 + 27 b7L) 
N m.uuber of beams) b = width of beam) L = span 
Np = maximum number of wheels that can be ~laced on a transverse section 
of the bridge 
1 
h 
t 
av 
= hit av 
= over-all depth of channel 
average thickness of the channel, defined as its area divided by 
its length along the center line of the thicknesso 
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t",,~)_ 
('it,) y.-- , 
') 
" .~ fI i\ \._-I . I'I ~, ()) 
'J'" ' 
.' 
Section Dimensions 
Holes 
b h Numoel" Dia~ 
In. ino in" 
36 12 None -~ 
36 1,5 2 8 
36 18 2 10 
36 21 2 12 
36 36 1 24 
72 12 NOlll:J --
48 12 None 
--
48 15 3 8 
48 18 3 10 
48 21 2 12 1 10 
TABLE 1 
DIMENSIONS AND PARAMETERS FOR SLAB SECTIONS 
(R and Q are assumed zero) 
Dimensionless Parameters 
SF:Ab2 II ~I ~ h/b ~EI!GJ i~I!I z b ~b/L. z z 
= z'/b 
,,333 0,,634 Oolll 1200 .0278 ~150-c107 
~4·17 00671 00186 10,,9 00694 .l07-0086 
,,500 ° ()715 00274 10.6 ollll 0088-11071 
0583 00780 0.395 lO06 ,,1528 ,,073-~Q61 
1,,00 1 ()200 1()000 8,,3 03120 ~~ 
~167 00580 0,,040 12,,0 00166 --
--~. 
~250 00593 0,,063 1200 ,,0208 0200-c143 
·313 0,,623 0.109 11.1 ,,0520 0148-,114 
0375 00640 00166 ll,O 00833 o1l8-~095 
,,438 0.678 00235 11.0 .. 1.145 .098-.080 
----~ - -.----
L _____ 
'-----.-~-~--
--
. * The position of hinge is taken at 5 in. below the top fibre. 
Reference 
(AASHO~PCI)SI=3§ 
H 'SII~36 
if 8III=36 
II SIV-36 
Arbit,:rary 
11 
(AASHO-PCI)SI-48 
t1 S1I-48 
tf 8I1I-48 
" SIV-4B 
.~ 
I 
I 
<-..1 
-.:J 
i 
.-
Section Dimensions 
._,-.. 
b h t1 t2 hlb 
in. in~ ina in. 
36 27 5 5 1/2 00750 
36 33 5 " 00917 
36 39 5 If 10083 
36 4·2 5 if 10167 
36 60 4 .4 1.667 
72 24 4·* 4· 0,333 
48 27 ~ 5 1/2 0 .. 563 ,., 
48 33 5 1I 00688 
48 39 5 H 0.813 
4-8 42 5 " 00875 
TABLE 2 
Dl}~ISIONS AND PARAMETERS FOR BOX SECTIONS 
(R and Q are assumed zero) 
DimensionJ.ess Parameters 
~. ** k.=EI/G,J i=:I/Iz 
2 13=b/L a=Ab II z/b 
z 
= z~/b 
. .. 
10126 0062 8085 00125 n0405-,0485 
1~304 0088 8030 0.208 .03)+8~ 00410 
10490 1,,18 7a94 00292 ,0309=,0361 
10597 1.34 1070 0·333 ~0291= .. 0340 
20180 2·32 6.60 0.583 .~= 
00742 001.65 lO~OO 00056 == 
00937 0·37 9·02 0,094 o0550~oo635 
13052 0054 8045 0.156 o0465~o05~.() 
1.181 0<>7:3 8004 00219 ,0)+11 = c 048.1 
.lc245 0,82 7086 0.250 00388~ .045}+ 
Reference 
(AASHO-PCI)BI~36 
H BII=36 
If BIII~36 
" BIV=36 
Arbi t...:r'ary 
~~ 
(AASHO~PCI)BI=48 
if BII~48 
" BIII~48 
It BIV~,48 
-
.j(- In this section there is an addi tiona! vertical leg 4 Lno thick at center of wi.dth., 
**The position. of the hinge is taken at 9 in. below the top fiber, 
I 
I' 
e 
-:] 
()) 
8 
TABLE 3 
DIMENSIONS AND PARAMETERS FOR CHANNEL SECTIONS 
Section Dimensions Dimensionless Parameters 
b h t3 t4 t * h/b hit .k ::: i ::: a = j* z!/b R= Q.= t3=b/L av 
Ab2/1 
z b C fi/b2 in. ina av EI/GJ I II Reference ina ino in. 
I b2 Y z z y 
36 14 800 11-.0 5·85 ~389 2.39 ·3,00 OollO 8~29 ,211 .019 .121 .0174 015 ~010 J3PR_9 1956 
34 19 8.0 4.0 6.26 0559 3,03 4~87 00229 7 ~94 ,295 0090 ,,120 .0467 o142~,094 YI 
45 18 8.0 5,0 6,36 0400 2,83 .1+.32 00110 7·96 ,184 .OI~O .130 ,0301 .234~· 0156 Nelson Co, 
45 21 800 5·0 6~30 .467 3,33 5075 00150 7066 0216 ,069 0130 .0432 .-156~ 0104 H I 
45 24 800 It. h 6040 ,533 .)075 7,60 0.196 7032 0261 olOI 0130 .0568 .104-,078 Ii .o"J 
I 
l~5 18 4,5 4,5 4050 0)+00 4000 8.26 0.099 7080 .182 .014 .150 .0258 -- Arbitrary I 
45 24 4·5 4.5 hc50 0533 5033 16,50 Oe183 7020 .242 .063 .147 .0538 -~ " 
45 24 6,4 604- 60ho ·533 .3.75 7·95 0.187 7080 .208 .077 .138 00546 -,~ 
45 2·i+ 800 8.0 8000 ·533 3,00 5·06 0.193 8ro35 .178 0088 .115 .0550 -~ 
45 36 4·5 7,0 6010 .800 5.88 20·3 0.419 6.92 .376 .202 .140 .1070 =-
,45 36 405 8,0 6.75 ,800 5030 14·9 0.420 6.78 0388 0224 0137 010)K'l ~-
.45 36 405 4,5 4.50 .800 8000 4002 0,411 6,52 0370 ,,172 ,146 c1110 ~-
45 36 800 8.0 8.00 0800 4,50 12,52 0.448 7,58 026)+ 0172 e 139 ,0934 ~-
* tav is found by dividing the area of the section by the length of the section along the center 
lj,ne of the thickness 0 
** The position of hinge is taken at. 5 in. below the tOI-' fiber ~ 
! 
II 
ii 
I 
II 
I 
If 
I if 
I It 
I 
! 
<-~ 
\.0 
8 
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TABLE 4 
APPROXIMATE RELATIONSHIPS AMONG PARAMETERS 
Parameter Slab Sections Box Sections Channel Sections 
EI h h 2. (~)2 k=--L= 005 + 0042 b 0033 + 1.08 b G-J 9 tav 
I g (~)2 i = -L = 106(k-0.55) 10 45( k-,O, 68) I k > 0055 k > 0068 3 b z 
Ab2 15 - 6k 1105 - 2.5k 9·2 - 3 h/b a= -= I 
z k ~ 005 
-
z 0068(k.-0.55) o .39(k-0 0 68) 0.6 i + 0013 = b k > 0.55 k > 0.68 
z ;' 0068(k-0·55) Oo39(k-0.68) 0.,6 i - 0.036 = b k > Oe55 k > 0068 
c 0 0 1 h R = ~- = 0011 + '160 t I b2 av y 
11 h Q =- = 0 0 0020 (b - 0036) 
b2 
'* b 1 1 1 f3 = - = 45k-20 2lk-2 23h7b + 5 L 
* Here f3 shows very large scatter 0 The expression may be taken as 
indicative of the trend onlyu 
TABLE 5. FORH OF EQUATIONS OBTAINED FOR BRIDGE WIlli N BEM'B 
H' N-l } = Number referring to loaded element Equations generated by using Eq8. 51 
~~trix of the Coefficients of Joint Forces Load Vectors Equation 
... ~ 7iN_, Fl Number CI1 ~ q3 ... qj r 2 r3 " . r J ... r N-2 r N-2 81 8 2 s3 . .. Sj ... SN_2 8 N_l J=l J=2 J=3 . .. J=j 
----_ ... -. _. __ .- - -~. 
I I )1 pI sI S1 0 QO Q+1 ) • 1 0 +1 -Xl +Xl 0 0 0 
1 (.,1 QI I r p' qY 51 s1 sl Q+1 
, 0 
-Xl +Xl 0 0 -'-1 0 -1 ... 1 
-1 0 +1 
2 QI I QI RI Y. RI S1 S1 S1 
-Xl 
-1 QO +1 
-1 R() +1 
-1 0 +1 0 0 0 
... .00 .. . o •• 
• 00 •• 0 0 0 0 +X1 
j-1 Q1 ~ I RI RI RI SI S1 SI 0 0 0 Qt-1 0 -Xl -1 -1 0 +1 
-1 0 +1 
... . .. 0 •• 
" . .. . . .. 0 0 0 0 0 
N'-2 Q1 ~ I RI RI RI -1 Q+1 -1 0 +1 SI 
-1 
SI 
0 
sI 
+1 0 0 0 0 0 
N'-l I QI RI RI Q_ 1 0 -1 0 sI 
-1 
SI 
0 0 0 0 0 0 
N'+O Qll 0 
Qll 
+1 
~11 
0 
Rll 
+1 
SII 
0 
SII 
+1 -X2 +X2 0 0 0 
N'+1 QIl QIl QIl ~Il RII RI! sIl sI! sIl 0 
-X2 +X2 0 0 
-1 0 +1 -1 0 +1 -1 0 +1 
N'+2 QIl QIl QIl RI! RI! RII SII SIl SII 0 0 
-X2 0 
-1 0 +1 -1 0 +1 -1 0 +1 
I 
f3' 
I 
0 •• . .. .. . . .. . .. . .. 0 0 0 +X2 
N'+j-1 QIl 
-1 
QIl 
0 
QII 
+1 
RII 
-1 
RII 
0 
RII 
+1 
SII 
-1 
SII 
0 
SII 
+1 0 0 0 0 -X2 
... '0' ... . .. ... ... 0 0 0 0 0 
N '+N '-2 QIl 
-1 
QIl 
0 
QIl 
+1 
RII 
·-1 
RII 
0 
RII 
+1 
sIl 
-1 
SII 
0 
sIl 
+1 0 0 0 0 0 
N '+N'-l QIl 
-1 
QIl 
0 
RII 
-1 
RII 
'0 SIl 
-l 
sIl 
J Q 0 0 0 0 0 
2N'+O QlII QIIl o +1 
R,lII alII 
o +1 
sIII SIII 
o +1 0 0 0 0 0 
QIlI QIIl QIlI RIIIRIlIRIlI sIll sIll sIII --2N'+1 0 0 0 0 0 
! 
-1 0 +1 -1 0 +1 -1 0 +l 
2N'+2 QIIIQIIlQIlI 
-1 0 +1 
RIIIRIIlRIlI 
-1 0 +1 
sIll sIIl SIll 
-1 0 +1 0 0 0 0 0 I 
... . .. o •• . .. . .. ..0 0 0 0 0 0 
QIlI QIIl QIII RIlIRIIIRIII SIII sIII sIll I 2N'+j-1 0 0 0 0 0 I 
-1 0 +1 -1 0 +1 
-1 0 +1 
... . .. 0.0 ... .. . . .. 0 0 0 0 0 
. . 
2N'+N'-2 QIlI QIIl QIIl 
-1 0 +1 
RIll RIll RIII 
-1 0 +1 
sIll sIll SIIl 
-1 0 +1 0 0 0 0 0 
2N '+N'-l QIIl QIII 
-1 0 
RIll RIll 
-1 0 
SII! sIll 
-1 0 0 0 0 0 0 
-------~.-.--- ------ -
m 
1 
3 
5 
7 
9 
11 
13 
15 
17 
19 
Sum 
Percentage 
for m=7 
Percentage 
for m=9to19 
Approxo 
Moment 
for m=9tooo 
Total. Beam 
Moment 
~ . .= 
TABLE 6 
MOMENT COEFFICIENTS FOR A ''FLEXIBLE'' BOX BEAM BRIDGE 
k=200J i=lo914J a=605J z/b=zg/b=~00515J R=Q=OJ ~=Oo025J N=8 
Moment = Coeffo x PL 
-
Beam Elements 
F-<--' 
I II III IV V VI VII VIII 
0002996 0002845 0,02667 0002521 0 1 02407 0002322 0,,02266 0002238 
0000605 0000481 0000349 0000255 0,00190 0000146 0,,00119 0,,00106 
0000314 0000217 0000124 0,,00071 0,,00041 0000023 0,00013 0000007 
0,00198 0000181 0.00055 0,00025 0,00011 0000005 0000001 -0000002 
0,00137 0,,00075 0000027 0,,00010 0,,00003 0000001 -0,00001 ~0000003 
0,00101 0,00050 0,,00014 0000004 0,,00001 0,,00000 -0,00001 -0,00003 
0,00077 0,,00035 0,,00008 0,00002 0000000 0000000 -0000001 ~0~00002 
0000061 0,,00026 0000004 0,00001 0000000 0.00000 -0,00000 -0000002 
0,,00050 0000020 0000003 0000000 0000000 0000000 =0000000 ~0000002 
0000041 0,00015 0000001 0,00000 0,,00000 0000000 -0,,00000 ~0,,00002 
0004580 0,03885 0,,03252 0002889 0002653 0002497 0,,02396 0002335 
47·9 2902 1303 600 207 1,,2 0.2 -0,,5 
6200 2904 706 2·3 005 001 -004 -108 
0000602 0,,00368 0000167 0,,00076 0000034 0,,00015 0,00003 ~Ooooo06 
0,,04715 0004032 0003362 0,,029'+8 0,,02683 0002511 0,,02402 0,,02347 
--
----~--. 
Total 
Static 
Moment 
0,,20264 
0002252 
0000811 
0000414 
0000250 
0,,00167 
0000120 
0000090 
0000070 
0,,00056 
0024494 
100 
100 
0,,01259 
0 .. 25000 
I 
(X) 
ro 
I 
m 
I 
1 0002521 
3 0000255 
5 0000071 
7 0.00025 
9 00000.10 
11 0000004 
13 0.00002 
15 0000001 
17 0,00000 
.19 0.00000 
Snln 0.02889 
Pe:t"cent.age 6,,0 
for.' m=1 
Percentage 2,,;, 
for m=9t.o19 
Approxo 0000016 
Moment 
foX' nF9tow 
Total Beam 0.02948 
Moment 
TABLE 6 (Continued) 
(b) Concentrated Load P at the Center of Element IV 
Beam Elements 
II III IV V VI VII 
0002552 0,02615 0~02647 0002587 0 .. 02497 0002437 
0.00283 0000344 0~OO379 0.00331 0000257 0000212 
0.00093 0000146 0000180 0 .. 00142 0,,00084 0 .. 00054 
0,,00041 0,,00084 0000113 0,,00083 0~00038 0.00019 
0000021 0,,00055 0000080 0000054 0.00020 0000007 
0000011 0000039 0,00060 0000038 0,,00011 0000003 
0.00006 0,00029 0,,00047 0000028 0,,00006 0000001 
0,00004 0,,00022 0.00037 0,00022 0000004 0000001 
0.00002 0.00017 0.00031 0000017 0~00002 0,00000 
0.00001 0,00011+ 0,00025 0000014 0,,00001 0000000 
0,,03014 0003365 0003599 0,03316 0 .. 02920 0,02734 
909 20e3 27,:' 20.1 902 4~6 
600 23,4 37,2 2300 509 106 
0,00125 0,00255 0000344 0,00252 0000115 0000058 
0003094 0003'+4)+ O~O3663 0,03395 0002991 0002780 
-
~ - ~ ~ - - - ~ ---
VIII 
0002407 
0.OQ190 
0 .. 00041 
0000011 
0000003 
0,,00001 
0,00000 
0.00000 
OeOOOOO 
0000000 
0002653 
207 
005 
0,00034. 
0.02683 
~- --------
Total 
Static 
Moment 
0020264 
0 .. 02252 
0.00811 
0.00414 
0.00250 
0c>00167 . 
0000120 
0,00090 
0,,00070 
0000056 
0024494 
100 
100 
0001259 
0.25000 
------~---
! 
I 
I 
I 
I 
I 
I 
I 
I 
(J:) 
\..).1 
~ 
TABLE 7 
KJME.NT COEFFIC IENTS FOR A "STIFF 11 CHANNEL BEAM BRIDGE 
k=10, i=OolJ a=8004y ~/b=Oo19, z~/b=-0~024, R=01365, ~00055, ~=0015, N=8 
Moment = Coeffo x PL 
{~ Concentrated Load P at the Center of Element I 
~ 
Beam Elements 
m 
I II III IV V VI VII VIII 
1 0.09975 0.06066 0003321 0,,02069 0,,01037 0,,00140 -0000745 ~Oool60o 
3 0.01307 0.00685 0,,00291 0000151 0~00058 -0000005 -0,,00071 -0,,00167 
5 0,00484 0,,0021+6 0000098 0,00048 0000017 ~0,,00002 -0,,00023 -0000057 
7 0,00249 0000126 0,00049 0000023 0,,00008 ~0000001 -0000012 -0000029 
9 0000151 0000076 0,,00029 0000014 0000005 -OeOOOOl -0000007 -,0000017 
11 0,00101 0,,00051 0,00019 0,,00009 0000003 -0000000 -0000005 -0000011 
13 0000073 0,00036 0000014 0000007 0000002 -0.00000 -0000003 ~0?00008 
15 0000055 0000027 0_000010 0,,00005 0000002 -0000000 -0000002 -0000006 
17 0000043 0,00021 0000008 0000004 0000001 -0000000 -OcOOO02 -0000005 
19 0000034 0~00017 0,00006 0000003 OoOOOOl ~0000000 -0000002 -0000004 
Sum 0,12)+72 0007351 000384,5 0002333 0001134 0000131 -0000873 -0,01904 
Percentage 60,,2 3005 1109 506 109 ~Oo2 =209 '~7 00 
for m==7 
Percent.age 60,6 30,,2 1104 506 109 -0,,1 '-J208 ~6?8 
for II1=9to19 
Approx" 0000758 0,,00384 0,00149 0000071 0000024 ~0?00003 -0000036 ~0000088 
Moment 
for rr:t=::9toco 
Total Beam 0012773 0,07507 0003908 0002362 0001144 0,00129 ~0,,00887 ~Oo01941 
Moment 
Total 
Static 
Moment 
0020264 
0002252 
0000811 
0,00414 
0000250 
0000167 
0.00120 
0000090 
0000070 
0000056 
0024494 
100 
100 
.. 
0001259 
0025000 
- - - ----:. - -- - - - - - - - - - - - - ---- - - --~-~ 
I 
r 
TABLE 7 (Continued) 
, 
Beam Elements 
m 
I II III IV V 
1 0.02069 0,,02164 0.03632 0.04966 0.03410 
3 0.00151 0.00187 0.00453 0.00698 0.00443 
5 0.00048 0,,00063 0,,00167 0000262 0.00164 
7 0.00023 0.00032 0000086 0.00135 0.00085 
9 0000014 0,00019 0000052 0.00082 0.00051 
11 0.00009 0.00013 0,,00035 0,,00055 0.00035 
13 0.00007 0.00009 0,,00025 0,,00040 0.00025 
15 0,,00005 0.00007 0000019 0,,00030 0.00019 
17 0.00004 0.00005 0.00015 0,,00023 0000014 
19 0.00003 0.00004 0,,00012 0.00019 0,,00012 
Sum 0002333 0.02503 0,,04496 0.06310 0.04258 
Percentage 506 707 2008 32.6 20,,5 
for m=7 
Percentage 505 7.6 2100 33·1 2007 
for m=:9to19 
lA,pprox, 0.00071 0,,00097 0,,00263 0.00412 0.00258 
Moment 
for m=9tooo 
Total Beam 0,,02362 0.02543 0.04601 0.06473 0,,0)+360 
Moment 
- - - - - -
- - -.~. - ---- - - --- --
VI VII 
0.01689 o ,,0l297 
0.00161 0.00100 
0.00056 0000032 
0.00028 0000016 
0.00017 0.00009 
0,,00011 0,,00006 
0,,00008 0000004 
0000006 0000003 
0,,00005 0000003 
0,,00004 0.00002 
0.01985 0,,01472 
608 3·9 
608 3·6 
0.00085 0.00049 
0,,02019 0,01494 
VIII 
0,,01037 
0.00058 
0.00017 
0.00008 
0.00005 
0.00003 
0,,00002 
0.00002 
0,,00001 
0,,00001 
0001134 
1·9 
1.8 
0.00024 
0,,01144 
- -
Total 
Static 
Moment 
0020264 
0,,02252 
0.00811 
0.004141 
I 
0.00250, 
0,,00167 
0,,00120 
0000090' 
0,,00070 
0000056! 
002449)+ ! 
100 
100 
I 
0001259 
I 
I 
0025000 
I 
- ----- -
I 
co 
\Jl 
g 
Set 
Noo 
~ 1 2 ~ 3 ~ 4 CQ 
2 5 6 
~ 7 8 
~ 9 10 
tf.l 
11 
~ 12 
0 13 
~ 14 
~ 15 
CQ 16 
I 17 18 19 
0 20 
TABLE 8 
PARAMETE!R COMBINATIONS FOR ,STODY OF ElfFECT OF 
VARYING INDIVIDUAL PARAME'l$RS ON BEAM MOMENTS 
k i a z/b z~/b R 
=Ab2/1 2 =EI!GJ ='I!Iz =C/I b , z y 
100 ·120 9·0 -0306 -.306 0 
100 0720 900 -0125 -0125 0 
100 ·720 900 ~.125 -.125 0 
1.0 0720 900 -·306 -.306 0 
100 0464 900 -0125 -0125 0 
100 0464 12.0 -,,125 ,- 0125 0 
100 0464 900 -0125 -, 0125 0 
100 0464 900 - 0306 -0306 0 
105 0464 900 ~0125 -.125 0 
1~0 0464 900 -0125 -0125 0 
1000 002 70556 0250 -0084 ~ 136.5 
1000 002 10556 0250 -.084 01365 
10.0 0.2 70556 0250 -0084 01365 
1000 0.2 70556 0250 - 008.4 00910 
1000 002 100076 .250 -0084 01365 
10.0 002 10556 01661 -0084 01365 
10.0 001 70556 0250 -, ,.084 01365 
500 0,,2 70556 0259 -0084 01365 
1000 002 70556 ~250 _. 0126 ~1365 
1000 0.2 70556 0250 - oo8.L~ 01365 
Q (3 N 
-/ 2 
={2 b ::: b/L 
0 00400 8 
0 00526 8 
0 ~0400 8 
0 00526 8 
0 00526 8 
0 00526 8 
0 00400 8 
0 00526 8 
0 00526 8 
0 00526 10 
00375 .10 8 
.0375 .05 8 
00250 ,,10 8 
.0375 010 8 
,,0375 .10 8 
00375 010 8 
00375 .10 8 
00375 .10 8 
00375 .10 8 
00375 ,,05 8 
* 
Load. Set No. I 
l 0~04951 
~ 2 0005695 0 
H 3 0 .. 04980 Q) 4 0005645 
+l 
I=lH 5 0.05689 OJ 
o ~ 6 0005689 
+' Q) 7 0004976 cd~ 
P-t 8 0,,05614 
~ 9 0.06349 10 0.05429 0 
H 
~ 1 0002907 
0 2 0002788 
H :5 0.02898 OJ 
+' 4 0.02801 @~ 5 0.02789 ~ m 6 0002789 
cd Q) 7 0.02899 P-t~ 8 0.02810 
rd 9 0002692 cd 
S 10 0.02484 
-- - ~---- - ----- ----
TABLE 9 
MOMENTS M AT CENTER OF BEAMS FOR SlAB AND BOX SEX!TIONS 
Y 
II III 
0.04146 0 .. 03369 
0.04475 0.03377 
0.04152 0.03361 
0~04471 0.03396 
0,,04474 0003379 
0~04474 0.03379 
0.04151 0.03362 
0004468 0 .. 03407 
0004759 0003388 
0.04207 0.03097 
0003078 0.03497 
0~O3016 0003654 
0.03072 0.03504 
0.03030 0.03643 
0,03018 0003653 
0003018 0,,03653 
0003073 0,,03504 
0.03037 0.03636 
0002961 0003787 
0,,02704 0.03321 
---- - - ----
----
M = Coeff. x PL y 
Beam Elements 
IV V VI 
0002907 0002615 0.02429 
0.02788 0002427 0.02196 
0.02898 0 .. 02609 0.02425 
0.02801 0.02435 0 .. 02201 
0002789 0.02428 0.02196 
0 .. 02789 0,,02428 0002196 
0002899 0.02610 0002425 
0002810 0002441 0002205 
0002692 0·002265 0001989 
0002484 000209r 0.01811' 
0003771 0003444 0.02966 
0004096- 0003587 0002876 
0.03789 0~03452 0002961 
0.04601 0.03575 0002888 
0.04092 0.03586 0.0?.877 
0.04092 0.03586 0,,02877 
0003787 9.03451 0.02962 
0004040 0003568 0.02895 
0004381 0003706 0,,02792 
0003731 0003186 0002424 
VII VIII 
0.02317 0 .. 02264 
0.02055 0,,01988 
0002314 0.02261 
0.02059 0.01991 
0.02055 0.01988 
0002055 0001988 
0002314 0002262 
0.02062 0001994 
0001820 0.01739 
0.01623 0.01488 
0.,02721 0 .. 02'615 
0.02557 0.02428 
0002714 0.02609 
0002567 0.02435 
0.02558 0.02428 
0.02558 0.02428 
0002715 0.02610 
0002574 0.02441 
0002416 0002265 
0002034 0001811 
-* For values of parameters corresponding to a Set No",,9 refer to Table 8. 
IX X 
0 .. 01403 0.01361 
0.01683 0001623 
I 
I 
I 
OJ 
--:) 
I 
* 
Load Set Noo I 
II 0012785 
ct-I 12 0009631 0 
~. J,3 0012349 
ill 14 0013029 ..p ~H 15 0012707 ~ ~ 16 0013315 
+' OJ l7 0012574 r;ti~ 
P-i 18 0,,11247 
rg 19 0,,12513 
0 20 0009389 H 
«t-! 11 00Q1775 
0 12 0002472 
~ 13 0002085 OJ 
+' 1)+ 0001710 ~~ 15 0001822 0 ~ @ 16 0,,01502 
c.d OJ 17 0.01835 ~ 18 P-! 0002173 
rg 19 0.01961 
0 20 0.02508 H 
- - ---- - - ---- .----
TABLE 10 
MOMENTS M AT CENTER OF BEA1£ FOR CHANNEL SECTIONS 
Y 
II III 
0007347 0003344 
0,,06459 0003821 
0007333 0003645 
0007318 0003222 
0007356 0003407 
0007246 0.02960 
0007433 0003503 
0007006 0,,03681 
0.07332 0,,03526 
0006305 0003762 
0002362 0004941 
0002869 0,04306 
0.,02518 0.,04735 
0,,02278 0,'04994 
0.0239)+ 0,04904 
0002122 0005132 
0~02482 0004893 
0,,02658 0,,04615 
0~02457 0004812 
0.02870 0004258 
- --- - - .. - - -- - - - - - -
M = Coeff. x PL y 
Beam Elements 
IV V VI 
0001775 0000870 0.00224 
0002473 0 .. 01571 0000882 
0 .. 02086 0·,,01060 0000264 
0<>01710 0000841 0,,00212 
0001822 0,,00890 0000228 
0001502 0,,00720 0<>00196 
0001835 Oe00897 0000232 
,O.02l73 0.Ol220 0.00498 
0.01962 0,,00984 0.00254 
0,,02508 0001703 0001114 
o ,,0700l. 0004800 0002045 
0005375 0004109 0002463 
0006557 0,,04547 0002108 
0007193 0004858 0001970 
0.06913 0,,04763 0.02072 
0007613 0005017 0001861 
0,,06720 000'+755 0002166 
0,,06127 0004·427 0002259 
0.06724 0.04648 0.02091 
0.05270 0003938 0.02209 
- - - - - - --
VII 
-0000361 
0000310 
-0.00490 
-0000354 
~Oo00380 
-0,,00253 
-0000374 
-0,,00132 
~0.00429 
Ouoo637 
0001207 
0001835 
0001390 
0001156 
0.01241 
0001033 
0001252 
0,,01520 
0,,01323 
0001473 
.* For values of parameters corresponding to a Set No 0 J refer to Table-~-8?' 
VIII IX 
~0~00984 
-0000147 
~0,,01246 
-0,,00977 
~0001030 
~0000686 
~0,,01099 
-0,,00693 
=0,,01141 
0000221 -0000158 
0000870 
0001571 
0,,01060 
000084l. 
0.00890 
0000720 
0000897 
0001220 
0.0098)+ 
0.01051 0000786 
~ -
\ 
~ 
X 
=0000482 
.0,006371 
L 
8 
OJ 
OJ 
8 
L_ 
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TABLE 11 
VARIATION OF MOMENT IN LOADED BEAMS DUE TO VARIATION OF 
pARAMETERs· FOR SIAB AND BOX SECTIONS 
Sets Change Percent Change Percent Change in Moment in 
Parameter Compared in in Loaded Beam 
, Parameter Parameter Element I Element IV. ; 
~ = b/L 5 VB 7 0.0526-. .0.040 - 23·9 - 1)08 - 7·50 
a = Ab
2/I 5 vs 6 9 .O~12.0 + 33·3 0 0 z 
z/b = z' /b 1 vs 3 o .306~0 .125 - 59·2 + 1.25 + 1.27 
i = I/Iz 3 vs 7 o. 720~0. 464 - 35·5 - 0·55 - 0·51 
k = EI-!GJ 5 vs 9 1.0~1·5 + 50.0 + 11.6 + 7.06 
N 5 vs 10 8...,.10 --
- 4·57 - 8.82 
TABLE 12 
VARIATION OF MOMENT IN LOADED BEAM3 DUE TO VARIATION 
OF PARAMETERS' FOR CHANNEL SECTIONS 
Sets Change Percent Change Percent Change in Moment in 
Parameter Compared in in Loaded Beam 
Parameter Parameter Element. I Element IV 
t3 = b/L 11 vs 12 010-+005 - 5000 - 24.6 - 2302 
Q = o../b2 11 vs 13 .0375~·0250 - 33·3 - 3·41 - 6.34 
R = ell b 2 11 vs 14 o1365~00910 
- 33·3 + 1·91 + 2.74 Y 
2 7. 557~10 .076 - 0.61 - 1024 a = Ab /1 11 vs 15 + 33·3 z 
z/b 11 vs 16 .25-."..1667 
- 33·3 + 4·93 + 8.75 
i = I/Iz 11 vs 17 0.2-+0 .. 1 - 50.0 - 1065 - 4.01 
k = EI-!GJ 11 vs 18 10.0-"'500 - 5000 - 12.1 - 12·5 
z'/o II vs 19 .084~.125 + 50.0 - 2.13 
- 3·95 
N l2 vs 20 8-.10 
--
- 2·52 - 1·99 
. Set No 0 .• For 
TABLE 13 
PARAMETER COMBINATIONS FOR MOMENT INFLUENCE 
LINES AND MAXIMUM BEAM M)MENTS 
.-
Parameters 
N==8 N==4 N==10 k i a z/b z'/b 
til 21 41 006 00080 1104 -00034 ~Oo034 s:: 
--0 22 42 62 0,6 0.080 11.4 -0.034 -0.034 .r! 
+> 23 43 007 00240 10.8 -00102 C) -- -0.102 
<V 24 44 64 00240 1008 CJ) 0·7 -00102 ~Oo102 
~ 25 45 65 100 00720 9·00 .... 00306 -00306 
-01 
CJ') 
26 46 66 00464 
rd 100 9000 -00125 -00125 § 27 47 -~ 105 1.189 7075 -0·320 -00320 
X 28 48 -- 105 10189 7·75 -00320 -0·320 
0 29 49 69 200 10914 6050 -00515 -00515 ~ 
30 50 70 500 OG1 8.04 ·0019 -00024 
31 51 -~ 500 001 8004 0,,19 =0~024 
til 32 52 72 500 001 8004 0019 -00024 
~ 33 53 -- 500 0,2 7056 0,25 -00084 0 
.r! 34 54 74 500 002 7056 0025 -00084 
..J-l 
C) 
<V 8004 -0,,024 CJ') 35 55 75 1000 001 0019 I 
01 36 56 -- 1000 002 7056 0025 =00084 <V 
~ 37 57 77 10.0 002 7056 0.25 -00084 ~ 38 58 .... - 2000 0.2 7·56 0,25 -00084· 
0 39 59 79 2000 0,2 7056 0025 -00084 
40 60 80 4000 0.4 6.88 0,,37 ~00204 
- - - - ----- - --- - - - - - - - ~----- ._---
R Q 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
001288 0.0055 
0.1288 0.,0055 
001288 000055 
0,1288 000375 
0,,1288 0,0375 
001365 000055 
001365 000375 
0.1365 000375 
0.1475 000375 
001475 000375 
001630 000829 
f3 
001880 
0.1429 
0.1044 
0.0870 
000400 
000526 
000407 
000339 . 
000250 
0020 
0.15 
0010 
0010 
0005 
0.15 
0010 
0,,05 
0010 
0005 
0010 
8 
\.() 
o 
8 
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TABLE 14(a) 
INFLUENCE COEFFICIENTS FOR MJME.NTS IN BEAM:> AT MID-SPAN FOR 
UNIT LOAD MJVING TRANSVERSELY AT MID-SPAN OF SLAB AND BOX BEAM BRIDGES 
Number of Beam Elements N=4 
Influence Ordinate for ~oment = Coefficiep~ x,L 
* 
For Influence Coefficient at Center of Beam Set Moment No. I in Beam I II III Dr 
41 ·1 0010829 0.06781 0004062 0003323 
II 0006781 0008116 0.06044 0004062 
42 I 0009683 0006706 0~04610 0004004 
II 0006706 0007581 0006106 0004610 
43 I 0.08858 0006656 0005002 0004480 
II 0006656 0001203 0006134 0005002 
44 I 0008366 0006608 0005243 0.04781 
II 0006608 0006995 0006151 0005243 
45 I 0~07216 000~5 o 00~79S. 0005518 
II 0006465 0006550 o oc6186 0005798 
46 I 0.07677 0006530 0005574 0,,05217 
II 0006530 0006721 0006174 0&05574 
47 I 0007560 0006518 0005635 0005291 
II 0006518 0006676 0006174 0005635 
48 I 0007277 0006474 0005769 00.05478 
II 0006474 0006574 0006182 0005769 
49 I 0007087 0006443 0005864 0005602 
II 0006443 0006498 0006192 0005864 
* For values of parameters for' a given Set No." refer to Table 13~ 
Set 
Noo 
41 
42 
43 
44 
45 
46 
,47 
48 
49 
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TABLE 14(b) 
INFLUENCE COEFFICIENTS FOR IDMENTS IN BEAMS ~T MID~SP.AN FOR 
UNIT LOAD mVING TRANSVERSELY AT QUARTER-SPAN OF~SLAB AND BOX. 
BEAM BRIOO-ES ** . 
Number of Beam Elements N=4 
Influence Ordinate for Moment = Coefficient x L 
* 
For Influence Coefficient at Center of Beam 
Moment 
in Beam I II III IV 
1 
I 0.04008 0003444- 00027'41 0002306 
II 0003444 0.,03305 0003009 0002741 
I 0003564 0003293 0002939 0,,02704 
II 0 .. 03293 0003210 0003059 0002939 
I 0003341 0003209 0003034 0002916 
II 0003209 0003165 0.03091 0003034 
I 0.03239 0003169 0003078 0003015 
II 0003169 On03147 0003107 0,,03078 
I 0003134 0003127 0003120 o ,,03118 
II 0.03127 0003127 0003124 0003120 
I 0003155 0,,03136 0003112 0,,03098 
II 0003136 0003131 0003121 0003112 
I 0003149 0003134 0003115 0"03103 
II 0003134 0003131 0003122 Ou03115 
I 0,,03135 0.,03128 0003120 0003115 
II 0.03128 0003128 0003124 0003120 
I 0 .. 03130 0003126 0003122 0003122 
II 0003126 0003127 0003125 0003122 
* For values of parameters for a given Set NOo J refer to Table 130 
** Also at qu.B:ter-span for unit load mOving transversely at mid-spano 
I 
-.J 
* Set 
No. 
41 
42 
43 
44 
45 
46 
47 
48 
49 
TABLE 14( c) 
INFLUENCE COEFFICIENTS FOR MOMENTS IN BEAM3 AT QUARTER~SPAN 
FOR UNIT LOAD MOVING TRANSVERSEl;Y AT QUARTER~SPAN OF 
SLAB AND BOX BEAM BRIDGES 
Number of Beam Elements N=4 
Influence Ordinate for Moment = Coefficient x L 
For Influence Coefficient at Center of Beam 
Moment 
in Beam I II III IV 
.. 
I 0009071 0005139 0002582 0001956 
II 0005139 00065l7 0004514 0002582 
I 0,,08055 Ou05117 0003073 0002507 
II 0005117 0006008 0004555 0003073 
I 0007274 0005086 0003448 0002938 
II 0005086 0005637 0004576 O~03448 
I 0,,06797 0005044 0003683 0~03226 
II 0005044 0005432 0004590 0003683 
I 0005653 000.4902 0004236 0003956 
II 0004902 0004986 o 001t623 0004236 
I 0006141+ 0004967 0004012 0003654 
II 0004967 0005158 0~04610 0004012 
I ., 0~05996 000·4956 0004073 0003728 
II 0004956 0005113 0004611 0004073 
... 0005714 0004911 0,,0·4208 0003916 .. 
I: 0004911 0005010 000·4620 0004208 
~ 0005525 o ooJ+880 0004302 0004041 
... J. 0004880 0004935 0004629 0004302 
* For values of parameters for a given Set No ",9 refer to Table 130 
; 
-1 
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TABLE 15( a) 
INFLUENCE COEFFICIENTS FOR MOMENTS IN BEAMS AT MID-SPAN FOR 
UNIT LOAD MOVING TRANSVERSELY AT MID-SPAN IN SLAB· AND BOX BEAM BRIDGES 
Number of Beam Elements N=8 
Influence Ordinate for Moment = Coefficient x L 
I 
* 
Moment Influence Coefficient at Center of Beam Set in No. Beam I II III IV V VI VII VIII 
21 I .10329 .06171 .03208 .02038 .01287 .00855 .00610 .00500 
II .06171 .07371 .05002 .02456 .01605 .01042 .00745 .00610 
III .03208 .05002 .06620 .04565 .02211 .01495 ~01042 .00855 
Dl .02038 .02456 .04565 .06374 .04455 .02211 .01605 .01287 
22 I .08775 .05684 .03343 .02330 .01677 .01266 .01022 .00908 
II .05684 006429 .04672 .02689 .. 01920 .01433 .01153 .01022 
III .03343 .04672 .05780 .04262 .. 02444 .01806 .01433 .01266 
N .02330 .02689 .04262 .05535 .04147 .02444 .01920 .01677 
23 I .. 07563 .05262 .03392 .. 02515 .01967 .01611 .01395 .01292 
II .05262 .05693 .04384 .02844 .02159 .01751 001508 .. 01395 
III .03392 .04384 .05145 .04029 .02629 ,,02056 .01751 .01611 
TV .02515 .02844 .04029 .04930 .03925 .02629 .02159 .01967 
24 I ·96794 .04947 .03395 .02628 .02155 .. 01849 .01660 .01571 
II .04947 .05237 .04184 .. 02922 .02322 .01966 .01758 .01660 
III .03395 .04184 .04763 .03874 .02734 .02232 .01966 .01849 
Dl .02628 .02922 .. 03~74 .04575 .03785 .02734 .02322 .02155 
'?t:; I .04950 .04145 _()7)7)7() . ()?OOh .02614 .02427 ,02316 ~02266 .... ./ • -../-" 1-
---/ - -
II .04145 .04175 .03683 .03079 .02720 .02502 .02377 .02316 
III .03370 .03683 .03885 ,,03497 .02967 .02669 .025Q? .02427 
N .02844 .03079 .03497 .03773 .03442 .02967 .02720 .02614 
26 I .05688 .04475 .03380 .02787 .02430 ,,02196 .02054 .01989 
II .04475 .04595 .03882 .03017 .02556 .02286 .02131 .. 02054 
III .03380 .03882 .04232 .03655 .02875 .02489 .02286 .02196 
Dr .02787 .03017 .03655 .. 04093 .. 03584 .02875 .Q2556 .02430 
27 I .05510 .04401 .03386 .02819 .02472 .02249 .02113 .02050 
II .04401 .04490 003837 .03035 .. 02599 .02336 .02186 .02113 
III .03386 .03837 .04144 .03612 .02899 002532 .. 02336 ,,02249 
N .02819 .03035 .03612 .04009 .. 03549 .02899 .02599 .02472 
28 I .05046 .04190 .03368 002889 002590' .02400 .02284 .02231 
II .04190 .04230 .03708 .03070 802699 .02473 002345 .02284 
III 003368 .03708 .03930 003519 .02953 .026)+3 .02473 002400 
N .02889 .03070 .03519 .03814 .. 03464 .02953 .02699 .02590 
* For values of parameters for a given Set No., refer to Table 13. 
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TABLE 15(a) Continued 
* 
Moment Influence Coefficient at Center of Beam Set in Noo Beam I II III IV V VI VII VIII 
29 I .04716 004033 ,,0336.3 n029)+8 002683 002511 .02402 '.02344 
II .04033. ..04034 003614 .. 03094 .. 02780 002579 002460 .. 02402 
III ,,03363 ,,03614 003767 003445 .. 02992 002731 .02579 ,.02511 
IV ,,02948 003094 003445 .. 03663 ,,03396 .. 02992 ,,02780 .02683 
* For values of parameters for a given Set Noo, refer to Table 130 
0096= -1 
TABLE 15(b) 
-
INFLUENCE COEFFICIENTS FOR M)MENTS IN BEAMS AT MJJ)L,SPAN FOR 
UNIT LOAD IDVING TRANSVERSELY AT QUARTER-SPAN IN SlAB AND BOX 
BEAM BRIDGES ** -
Number of Beam Elements N=8 
Influence Ordinate for Moment. = Coefficient. x L 
* 
Moment Influence Coefficient at Center of Beam Set in No. Beam I II III Dr V VI VII VIII 
21 I .03654 .0301·4· 002139 001401 000905 .00603 000431 .00354 
II .03014· .02779 .02276 .01643 .01099 .00733 .00525 000431 
III 002139 002276 002285 001973 001·471 .01021 000733 000603 
Dl 001401 .01643 001973 .02112 001895 .01t~71 .01099 000905 
22 I .02924 .02573 002053 ,01549 001156 000885 000720 000641 
II 002573 .02402 .02070 .01660 001279 .00989 000807 000720 
III .02053 .02070 002010 .01800 001494 001200 .00989 .00885 
N 001549 .01660 001800 .01844 001721. 001494 001279 001156 
23 I .02435 .02236 .01925 .01597 ~01317' ,01109 .00972 .00907 
II .02236 .02124 .01909 ~01645 001389 .01182 001042 .00972 
III .01925 .. 01909 ~0184·4 .01700 .01509 .. 01322 .01l82 001109 
N .01597 .01645 .01700 001708 001634 .01509 .01389 .01317 
24 I .02147 .02025 001827 .01608 ,,01406 .01249 .01144 .01091 
II .02025 ~01950 .01806 .01627 .01450 001301 .01196 .01144 
III .01827 .01806 001749 001648 ,01521 .01.397 .01301 .01249 
IV .01609, .01627 001648 .0164·3 .01595 .01521 001.4,50 001406 
25 I .02.670 .0161-9 001618 001578 .01538 ,,01504 .01477 001465 
II .ol6l.9 .01638 ,,01611 001577 001543 .01512 .01491 .01477 
III .C::'tJ~: .01611 ,01599 001576 001552 .015.30 001512 .01504 
IV .c·: (:22 .01577 .01576 001573 001562 001552 ,,01543 .01538 
26 I . c<~ .. ~.: c .01766 .01688 .01595 .01503 .01425 001369 .01340 
II . 0: 7~-'~ .0: 736 .01673 001596 .01516 001447 .01396 .01369 
III r ' .. ~ - .0:67."3 .01644- .01596 0015)+0 u01488 .0141+7 .01425 .\.. ........ -" 
N .c::'?:- .0::'596 001596 .01589 .01566 n01540 001516 .01503 
27 I .0:' 7-T~ .01736 .01671 001591 001512 .0144,4 001395 001370 
II .017:6 .01'7l2 001658 001591 .01523 .01.)+63 001419 .01395 
III .01671 .01658 .01633 001590 .015)+2 001498 001463 .014'+4 
IV .01591 .01591 001590 .01585 00156,5 001542 001523 .01512 
28 I 001683 001.660 .01624 ~01580 .01536 001W-97 .01,467 .01453 
II 001660 001648 .0161.7 001579 001542 .01507 001480 001467 
III .01624 "01617 001603 001578 .01.550 001525 001507 .01497 
Dr .01580 .01579 001578 001574 .01562 .01550 .01542 001536 
* For values of parameters for a gi yen. Set No 0.' refer t.o Table 13. 
** Also at quarter~span for unit load moving transversely at mid=spano 
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TABLE 15(b) Continued 
* 
Moment Influence Coefficient at Center of Beam Set in No. Bearri I II III rl V VI VII VIII 
29 I 001630 001617 .01596 001572 001548 001526 001510 .01500 
II .01617 001610 001593 001572 001551 001530 001517 001510 
III 001596 .01593 001585 001571 001555 001542 001530 001526 
Dl .01572 001572 001571 001568 001562 001555 001551 001548 
* For values of parameters for a given Set NOo J refer to Table 13 
i 
-.J 
·-98-
TABLE 15( c) ....J 
INFLUENCE COEFFICIENTS FOR IDMENTS IN BEAMS AT QUARTER-SP.AN FOR 
UNIT LOAD MOVING TRANSVERSELY AT QUARTER-SPAN OF SLAB AND BOX 
-
BEAM BRIDGES 
Number of Beam Elements N=8 
Influence Ordinate for Moment = Coefficient x L 
* 
Moment Influence Coefficient at. Cent.er of Beam Set in No. Beam I II III IV V VI VII VIII 
21 I 008815 004823 002125 001236 000721 000457 .00317 000256 
II 004823 .06122 003933 001610 .00972 000580 000396 000317 
III 002125 003933 005606 00")666 001468 000911 000580 000457 
IV 001236 001610 003666 ,,05465 003605 001468 000972 000721 
22 I 007573 004563 002358 .01506 001004 000715 000554 .00482 
II .04563 .05365 .037ll 001855 001218 .,00843 .00643 .00554 
III .02358 003711 004866 .03423 001695 .01146 000843 .00715 
IV .01506 .01855 .03423 004705 003349 001695 001218 .01004 
23 I 006552 .04292 .02492 001700 001238 000958 .00794 000719 
II 004292 ,,04753 003500 002030 001418 001076 .00882 000794 
III .02492 003500 004291 003219 001869 001344 001076 000958 
IV .01700 002030 003219 004129 003143 001869 001418 001238 
24 I 005883 .04058 .02544 001825 001402 001139 000984 0009ll 
II 004058 004365 003343 002121 001563 001246 00'1066 .00984 
III 002544 003343 .03941 003078 .01966 ,,01491 .01246 .01139 
IV .01825 .02121 .03078 003786 003005 001966 00i563 .01402 
25 I .04159 003356 00258>+ ,,02123 001834 001651 ,,01543 .01493 
II .0.3356 003387 .02898 002296 001940 001726 001602 .01543 
III 002584 .02898 003099 002715 .02187 001890 001726 .01651 
IV .02123 .02296 002715 002991 002661 002187 001940 001834 
26 I 004872 003665 002579 002000 001656 001'+.35 001303 001241 
II 003665 003787 00308.4 002230 001781 001522 001313 .01303 
III 002579 003084 003438 002869 .02099 001720 001522 .01435 
IV 002000 002230 002869 003310 002804 002099 .01781 .. 01656 
27 I 004700 003597 002589 002032 001696 001483 001354 001296 
II .03597 003690 .03042 002250 001823 001569 ,,01.1+25 001354 
III 002589 .03042 003354 .02829 .02122 001760 001569 .01483 
rv 002032 ,,02250 002829 003226 .02769 002122 001823 001696 
28 I 004253 003399 002582 002106 001812 001626 001512 001461 
II 003399 .0344D 002923 002287 001920 .01697 001571 .01512 
III 002582 002923 003145 002737 .02172 001865 001697 .01626 
IV 002106 002287 002737 003032 002682 002172 .01920 ,01812 
* For values of parameters for a given Set Noo} refer to Table 130 
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TABLE 15(c) Continued 
* 
Moment Influence Coefficient at Center of Beam Set in No .. Beam I II III rv V VI VII VIII 
29 I .03931 .03248 .02579 .02167 001902 .01732 001625 001566 
II .03248 ,,03250 .02830 .02314 .. 01998 001800 .01682 001625 
III .02579 .02830 .02985 .. 02663 .02211 .01950 001800 .. 01732 
Dl .02167 .02,14 .02663 .. 02882 .02615 .02211 .01998 001902 
.. ' 
* For values of parameters for a given Set N~ .. } refer to Table 13. 
TABLE 16 
INFLUENCE COEFFICIENTS FOR MOMENTS IN BEAMS AT MID~SPAN FOR UNIT LOAD 
MJVING TRANSVERSELY AT MID-SPAN IN SrAB AND BOX BEAM BRIDGES 
Number of Beam Elements N=lO 
Influence Ordinate for Moment = Coefficient x L 
* 
Moment Influence Coefficient at Center of Beam Set in No. Beam I II III IV V VI VII VIII IX X 
62 I 0.08732 0005637 0003284 0002254 0001574 0001123 0000821 0000623 0000504 0000448 
II 0005637 0,,06379 0004607 0,,02604 0001803 0001272 0000926 0000702 0000567 0,,00504 
III 0,,03284 0,,04607 0~05699 0004156 0,,02302 0,,01605 0,,01153 0.00870 0.00702 0.00623 
IV 0.02254 0,,02604 0004156 0.05397 0003958 0002183 0.01549 0001153 0,,00926 0000821 
V 0,,01574 0001803 0,,02302 0.03958 0005278 0.03902 0,,02183 0.01605 0001272 0001123 
I 
64 0006643 0004790 0002428 0.01918 0001561 t-J I 0003219 0,,01309 0001135 0001025 0000972 0 0 II~". " ·0,,, 04790 0,,05072 0.03999 0.02709 0.02071 0.01665 0.01387 0001199 0001082 0001025 I 
III 0003219 0003999 0,,04562 0003642 0.02457 0,,01897 0,,01556 0,,01334 0.01199 0,,01135 
IV 0002428 0002709 0003642 0.04309 0003468 0.02347 0001844 0001556 0.01387 0,,01309 
V 0,,01918 0,,02071 0.02457 0,,03468 0004199 0.03415 0002347 0001897 0001665 0,,01561 
65 I 0.04607 0.03796 0.03007 0.02526 0002210 0.01991 0001837 0.01731 0001664 0001631 
II 0003796 0,,03818 0.03315 0.02691 0,,02307 0,,02056 0,,01885 0.01770 0.01698 0001664 
III 0003007 0.03315 0003502 0,,03096 0,,02537 0002201 0001989 0.01852 0,,01770 0.01731 
IV 0002526 0002691 0003096 0003348 0.02990 0002470 0002169 0001989 0001885 0.01837 " 
V 0.02210 0002307 0002537 0,,02990 0003281 0002957 0002470 0.02201 0,,02056 0001991 
66 I 0.05429 0004207 0,,03097 0,,02484 0002091 0001817 0.01623 0001488 0001403 0.01361 
II 0004207 0004319 0,,03594 0002704 0002211 0,,01896 0.01683 0,,01538 0.01447 0,,01403 
III 0.03097 0,,03594 0,,03926 0,,03321 0002509 0,,02076 0001811 0.01641 0001538 0001488 
IV 0.02484 0.02"704 0,,03321 0003731 0003186 0002424 0002034 0001811 0001683 0001623 
V 0002091 0.02211 0002509 0.03186 0,,03646 0.03144 0.02424 0002076 0.01896 0.01817 
* For values of parameters for a given Set No 0 J refer to Table 13" 
t ... 
r- --- r- r-- 1-- r- --- r-- 1- [ -
TABLE 16 (Continued) 
* 
Moment Influence Coefficient at Center of Beam Set in No. Beam I II III IV V VI VII VIII 
69 I 0004338 0.03650 0.02971 0002541 0002254 0.02055 0.01914 0.01815 
II 0.03650 0003648 0003216 0.02681 0.02341 0.02114 0001959 0.01853 
III 0.02971 0.03216 0.03359 0003016 0.02541 0.02245 0.02054 0001929 
Dr 0.02541 0.02681 0003016 0.03219 0.02920 0.02481 0.02216 0002054 
V 0002254 0.02341 0.02541 0002920 0003158 0.02891 0.02481 0.02245 
* For values of parameters for a given Set No., refer to Table 130 
IX 
0.01750 
o.olq86 
0.01853 
0001959 
0.02114 
X 
0.01711 
0.01750 
0001815 
0001914 
0.02055 
I 
b j--J 
I 
I 
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TABLE 17(a) 
INFLUENCE COEFFICIENTS FOR MOMENTS IN BEA.M3 AT MID-SPAN FOR 
UNIT LOAD IDVING TRANSVERSELY AT MID-SPAN OF CHANNEL BEAM BRIDGES 
Number of Beam Elements N=4 
Influence Ordinate for MOment = Coefficient x L 
* 
For Influence Coefficient at Center of Beam Set Moment No. in Beam I II III TV 
50 I 0.15118 0.08101 0002591 -0",00808 
II 0.08102 0.08714 0.05595 0002589 
51 I 0.13947 0007932 0.03027 0 .. 00091 
II 0.07932 0008380 0,,05661 0,,03022 
52 I 0012067 0.07582 0.03774 0 •. 01580 
II 0,,07582 0007854 0005787 0003774 
53 I 0012233 0007435 0003605 0.01727 
II 0.07435 0008071 0~05887 0.03604 
54 I 0,,09347 0006918 0004875 0,,03857 
II 0006918 0007164 0,,06039 0004875 
55 I 0.15284 0008124 0~02529 -0000939 
II 0~08124 0.08758 0005586 0.02529 
56 I 0.13907 0.07672 0.02885 0.00542 
II 0.07673 0.08620 0005826 0002883 
57 I 0.10623 0.07161 0004311 0002903 
II 0007160 0.07560 0005967 0.04311 
58 I 0.15370 0.07780 0002264 -0000416 
II 0007783 0009144 0.05813 0.02262 
59, I 0"12176 0007444 0.03631 0.01752 
II 0.07-444 0008042 0.05886 0.03639 
60 I 0,,16521 0007619 0.01726 -0000870 
II 0007646 0009703 0005950 0001700 
* For values of parameters for a given Set No., refer to Table 13. 
J 
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INFLUENCE COEFFICIENTS FOR MOMENTS IN BEAMS AT MID-SPAN FOR 
UNIT LOAD MOVING TRANSVERSELY AT QUARTER-SPA,N:_:OF CHANNEL, BEAM- BRIDGES** 
Number of Beam Elements N=4 
Influence Ordinate for Moment = Coefficient x L 
* 
For Influence Coefficient at Center of Beam Set Moment No. in Beam I II. III IV 
50 I 0.07074 0004040. 0001469 -0.00081 
II 0,,04040 0,,04193 0.02799 0,,01469 
51 I 0006308 0,,03915 Ou01754 0.00523 
II 0,,03915 0,,03982 Ou02850 0,,01754 
52 I 0005118 0003661 0,,02232 0 .. 01490 
II 0,,03661 0 .. 03662 0.02944 0002232 
53 I 0.05115 0003675 0002234 0001476 
II 0.03675 0003653 0 .. 02937 0002235 
54 I 0.03616 0.03279 0,,02896 0002710 
II 0003279 0003253 0003073 0002896 
55 I 0,,07198 0004055 0.01423 -0,,00177 
II 0004055 0004228 0.02792 ouo1423 
56 I 0 .. 06155 0.03877 0,,01794 0000616 
II 0,,03876 0003956 0.02872 0.OJ-795 
57 I 0.04221 o ~03450 0.02624 0 .. 02205 
II 0003449 0003412 0.0301·4- 0.02624 
58 I 0007120 0003977 0,,01392 0,,00010 
II 0 .. 03978 0.04282 0,,02851 0001392 
59 I 0005111 0003670 0 .. 02236 0.01483 
II 0 .. 03670 0 .. 03654 0002940 co 002236 
fjJ I 0.07872 0,,03934 0001063 ",,0 .. 00370 
II 0003938 0,,04596 0,,02906 0.01059 
* For values of parameters for a given Set Noo} refer to Table 130 
** Also at quarter-span for lll1i t load .. mov-:ingtr8J.'1sversely at mi.d..-spano 
* Set 
Noo 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
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TABLE 17( c) 
INFLUENCE COEFFICIENTS FOR MOMENTS IN BEAMS AT. QUARTER-SPAN 
FOR UNIT LOAD MOVING TRANSVERSELY AT QUARTER-SPAN 'OF CHANNEL 
BEAM BRIDGES 
Number of Beam Elements N=4 
Influence Ordinate for MOment = Coefficient x L 
For Influence Coefficient at Center of Beam 
Moment 
in Beam I II III Dl 
I O.ll783 0006101 0001786 -0000920 
II 0,,06103 0006677 0004186 0001784 
I Ooll053 0 .. 06016 0002056 ~00OO378 
II 0006017 0,,06460 0.04219 0.02051 
I 0,,09805 0.05818 0002538 0.00591 
II 0.05818 0.06101 0004291 0002538 
I 0.09979 0 .. 05662 0002361 0 .. 00748 
II 0.05663 0,,06329 0004396 0~02359 
I 0 .. 07701 0.05328 0,,03354 0 .. 02366 
II 0 .. 05328 0,,05580 0004486 0 .. 03354 
I Oo1l874 0006113 0 .. 01752 -0,,00990 
II 0.06l13 0006701 0004183 0001750 
I 0 .. 1l113 0.05765 0,,01871 0000006 
II 0.05767 0 .. 06734 0004381 0001870 
I 0.08769 0005504 0.02886 0001587 
II 0 .. 05505 0005922 0.04436 0 .. 02886 
I 0,,12034 0005785 0001473 -0000544 
II 0 .. 05788 Ory07097 0 .. 04397 0 .. 01470 
I 0009921 0005671 0002387 . 0000773 
II 0.05672 0006299 0 .. 04395 0002385 
I 0.12750 0005617 0001114 ~0 .. 00732 
II 0 .. 05643 0007498 0004520 0001089 
* For values of parameters for a given Set NO.) refer to Table 13. 
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TABLE 18(a) 
INFLUENCE COEFFICIENTS FOR MOMENTS IN BEAMS AT MID-SPAN FOR 
UNIT WAD IDVING TRANSVERSELY AT MID~SPAN OF CHANNEL BEAN BRIIXIES 
Number of Beam Elements N~8 
Influence Ordinate for MOment = Coefficient x L 
* 
Moment Influence Coefficient at Center of Beam Set in No" Beam I II III IV V VI VII VIII 
30 I 012667 007490 003928 002390 .001173 000148 ~000871 -001916 
II .07491 .08358 005477 ,,02563 001509 .00627 ~000151 -000873 
III .03928 .05477 006940 004585 : 002034 001263 000627 000148 
IV .02390 .,02563 004585 006411 .04335 002034. 001509 001173 
31 I 011869 .07352 004080 .02559 .01343 000285 , .. 000756 -001729 
II 007352 .07967 005396 ,,02728 .01638 000741 -,'.00062 -000758 
III .04080 .. 05396 .06542 .04451 002145 001361 .00741 000284 
rl .02559 .02728 004451 .05964 .04175 .02145 001638 .01343 
32 I .10501 006969 .04188 .02731 .01584 .00575 - 000373 -, .01177 
II .06969 .07277 005178 002924 .01836 ,,00972 000219 -000378 
III .04188 .05178 005947 004257 002336 001548 000972 .00575 
rl .02731 002924 ,,04257 0053'57 00397l 002336 001836 00158'+ 
33 I 011273 007007 003669 002167 .01215 000496 ~o00132 ~000693 
II 007007 007607 .. 05291 002651 .01514 .00800 000264 - - 000133 
III .03669 005291 .06547 004620 .02254 001324 000800 000496 
IV ,,02167 .02651 .04620 006147 ,,04433 .02254 001514 .01215 
34 I .08062 005777 .03793 .02684 001920 001343 000883 000542 
-
II .05777 .05926 00)+570 002993 002142 .01560 .01147 .00883 
III ,,03793 .04570 .05106 .04016 .02643 001967 ,,01560 001343 
Dr .02684 .02993 004016 004755 003846 0026)+3 002142 001920 
35 I .12774 007507 003907 002361 001144 000129 ~.oo883 ~o01941 
II .07507 008409 005487 00254.4 .01494 .00611 ~000165 ~.00888 
III .. 03908 005487 006990 ,,0·4600 002019 ,,01256 .00611 000129 
Dr .02361 002544 004600 006472 004361 .02019 001494 ,,01l44 
36 I .12785 .07343 003346 .01777 000870. 000226 =000360 -000984 
II .07344 .08343 ,,05522 ,,02361 001205 .00538 000044 -000360 
III .03347 005522 .07318 00.4941 002045 001064 000538 .00225 
IV .01777 .02361 .04941 ,,07000 .,04800 002045 001205 .. 00870 
37 I .09629 006460 ,,03820 ,,02471 001569 000884 ~00311 =,,00149 
II .06460 ,,06767 .04956 002869 001834 001151 000652 ·.Q0310 
III .03820 ~04956 005783 .04305 002461 001637 001151 000884 
IT e02471 .02869 .04305 005377 004110 ,,02461. 001834 001569 
* For values of parameters for a given Set Noo, refer to Table 130 
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TABLE 18(a) Continued 
* 
Moment Influence Coefficient at Center of Beam Set in No. Beam I II III Dr V VI VII VIII 
38 I .14128 .07495 .02880 .01324 .00546 .00065 -.00396 -001039 
II .07501 .08975 .05684 .02032 .00908 .00340 -.00042 -.00397 
III .02881 .05684 .08101 .05266 .01834 .00830 .00340 .00065 
Dl .01324 .02032 .05266 ·~f04 .05187 .01834 .00908 .00546 
39 I .11209 .07006 .03696 .02185 .01229 .00502 -.00130 -.00694 
II .07006 . .08644 .05280 .02671 .01527 .00810 .00268 -.00131 
III .03696 .05280 .06501 .04605 .02269 .01337 .00810 .. 00502 
IV .02185 .02671 .04605 .06097 .04417 .02269 .01527 .01229 
40 I .15565 .07471 .02102 .00684 .002ll -.00003 -.00219 - .00807 
II .07483 .09636 .05896 .01592 .00505 .00149 -.00028 -.00235 
III .02103 .05896 .09125 .~l7 .01531 .00486 .00149 -.00005 
IV .00684 .01592 .05717 . ,64· .05698 .01531 .00505 .00211 
* For values of parameters for a given Set No.) refer to Table 13. 
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TABLE 18(b) 
nITLUENCE COEFFICIENTS FOR IDMENTS IN BEAMS AT MID-SPAN FOR 
'UNIT LOAD MOVING TRANSVERSELY AT QUARTER-SPAN OF CHANNEL 
BEAM BRIDGES**" 
Number of Beam Elements N=8 
Influence Ordinate for Moment = Coefficient x L 
* 
Moment Influence Coefficient at Center of Beam Set in No. Beam I II III IV V VI VII VIII 
30 I . .05904 .03721 .02133 001363 .00707 .00117 -.00461 -.00982 
II .03722 .03985 002708 001398 " 000851 000374 - .00073 ~oo0461 
III 002133 .02708 .03213 002184 001076 .00697 .00374 .00117 
IV .01363 001398 002184 .02891 002030 001076 .000851 000707 
31 I .05410 .03622 002205 001449 .00808 000209 -.00368 - 000835 
II .03622 .03739 002655 .01491 .00922 000445 -.00007 -.00368 
III .02205 .02655 .02981 .02111 001143 000752 .00445 .00208 
IV .. 01449 .01491 .02111 .02633 .01941 .. 01143 .00922 .00808 
32 I .04586 .03356 .02216 .01510 000937 000404 -.00082 -000426 
II .03356 .03313 002512 .01591 .01029 000588 000195 -.00083 
III 002216 .02512 .02648 002014 001259 000859 000588 .00404 
IV .01510 .01591 002014 .02313 001849 .01259 001029 000937 
33 I 004676 .03411 002180 .01398 .00821 .00355 -.00037 -000303 
II .O3411 .03339 .. 02518 .01564 .00970 .00539 000195 - 0.00038 
III .02180 .02518 .02694 .02080 .01295 .00840 000539 .00355 
IV .01398 .01564 .02080 .02423 .. 01950 .01295 .. 00970 000821 
34 I .02960 .02538 .02008 .01562 001206 .00920 000708 .00598 
II .02538 .02425 .02078 .01643 .01284 001010 0'00813 .00708 
III .02008 .02078 .02052 001795 001)+52 .01185 .01010 .00920 
IV .01562 .01643 .01795 001859 .01697 ~01452 .01284 .01206 
35 I 005989 .03733 .02112 0013)+1 .00687 000103 -000469 -.00997 
II .03733 .0'+026 .02715 .. 01379 .00837 .00361 - .. 00081 -000470 
III .02113 .02715 .03257 .02200 .01064 .00687 000361 .. 00103 
IV .01341 .01379 .02200 .02942 .02051 .. 01064 .00837 .00687 
36 I .05578 .03677 .02047 001179 .00598 .00163 -000217 -.00527 
II .03677 .03767 .02658 .01419 .00792 000368 .. 00035 - .. 00217 
III .02048 .02658 .. 03109 .02262 .01198 .0069·4 .,00368 .. ;00163 
IV .01179 .01419 .02262 .02888 .02164 .01198 000792 000598 
37 I .037&:J .03008 .02150 .01516 .. 01024 .00619 ,,00297 .. 00106 
II .• 03008 .02880 .02317 001635 001134 000758 000471 000297 
III .02150 .. 02317 .02346 .01927 001378 001005 .00758 000619 
IV .01516 .01635 .01927 .02089 .01799 .. 01378 .. 01134 001024 
* For values'~ of parameters for' a. Set~ No. J refer to. Table 13. 
** Also at quarter.~span for unit load moving transversely at mid~span. 
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TABLE 18(b) Continued 
* 
Moment Influence Coefficient at center of Beam Set in No. Beam I II III TV V VI VII 
38 I ,,06443 003802 .01770 000886 ,,00378 .00049 -000253 
II .03803 .04165 .. 02759 .. 01217 .00602 ,,00233 -.00027 
III .01771 .02759 ,,03592 .02471 .01078 .00547 .00233 
IV .00886 .01217 .02471 .03454 .02415 .. 01078 .00602 
39 I .04672 .03405 .02176 .01396 .00823 000358 -.00033 
II 003405 .04094 .02517 .01563 .00970 .00541 .00198 
III .02176 .. 02517 .02696 .02080 .. 01293 .00840 .. 00541 
IV .01396 .01563 .02080 002424 .01951 .01293 .00970 
40 I .07321 .03826 .01332 .. oo48;I ~001~9 -~00002 - .. 00158 
II .03828 .04549 .02868 .00968 .00362 .00105 -000020 
III .01335 .02868 .04182 .02741 .00925 000348 .00105 
IV .00487 .00968 .02741 .. 04139 .02728 .. 00925 .00362 
* For 'values of parameters for a Set No., refer to Table 13. 
VIII 
-.00574 
-.00253 
000049 
.00378 
-.00298 
-.00032 
.. 00358 
.00823 
-000455 
-.00162 
-000004 
000149 
I 
I 
'..-J 
~ 
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TABLE 18Ce) 
INFLUENCE COEFFICIENTS FOR MOMENTS IN BEAMS AT QUARTER-SPAN FOR 
UNIT. LOAD-. ·mV:ING .. TRANSVERSELY A,T .QUARTER~.sPAN OE. CHANNEL 
BEAM BRIDGES 
Number of Beam Elements N=8 
Influence Ordinate for Moment = Coefficient x L 
* 
Moment Influence Coefficient at Center of Beam Set in No. Beam I II III IV V VI VII VIII 
30 I 009862 .05646 002821 001663 '000780 000068 -.00645 -.01436 
II 005647 .06435 .04135 001829 " 001056 000419 -000122 -000646 
III .02821 004135 005413 003522 001478 000897 000419 000068 
TV 001663 001829 003522 005062 003360 001478 001056 000780 
31 I 009328 005571 002954 001804 000904 000149 ~ 000601 -001357 
II 005571 006179 .. 04084 001950 001153 000495 -000081 -000602 
III 002954 .. 04084 005129 003420 001552 000968 000495 000148 
IV 001$04 001950 003420 004736 003235 001552 001153 000904 
32 I 0084D7 005357 003082 001968 001089 000325 ~,,00405 - 001071 
II 005357 005724 ,,03957 002106 001297 000644 000071 - 000410 
III 003082 003957 004701 003271 001678 001092 000644 000325 
IV 001968 002106 .. 03271 004273 003066 001678 001297 001089 
33 I .09187 .,05379 002545 001407 000739 000263 -000165 - 000604 
II ,,05379 .,06055 004070 001829 000979 000482 000122 -000166 
III ,,02545 004070 005311 003631 001583 000866 000482 000263 
IV 001407 001829 003631 005064 003518 001583 000979 000739 
34 I .06813 .. 04646 002837 001894 00126$· 000796 000404 000094 
II .04646 004844 003601 .,02173 oOl460 000982 000639 000404 
III .02837 003601 004160 00.3153 ' 001896 001323 000982 ,,00796 
IV .01894 002173 003153 003883 003021 001896 001460 ,,01268 
35 I .09921 005655 002808 001645 000763 000058 ~no0650 -001449 
II .05656 .. 06462 004139 001818 001049 000411 -000129 -000655 
III .02809 004139 005439 003531 001470 000893 000411 000058 
IV .01645 .01818 . .;03531 005095 003376 001470 001049 000763 
36 I .10247 005543 002241 001098 000502 000111 -000259 ~.00731 
II 005545 006573 .. 04221 .. 01594 000752 000314 000009 -000259 
III 002241 004221 b05902 003872 001413 000675 000314 oOOlll 
IV .01098 ,,01594 003872 005721 003794 001413 000752 0005.02 
37 I 007987 005072 ,,0276b 001686 001004 000498 000063 -000324 
II 005072 ,,05455 003854 002034 001224 000711 000337 000062 
III .. 02760 003854 004702 003381 001750 001090 0007ll 000498 
IV 001686 002034 003381 004419 003249 ,,01750 001224 001004 
! I 
* For values of parameters for a given Set Noo, refer to Table 13. 
TABLE 18Cc) Continued 
* 
Moment Influence Coefficient at Center of Beam Set in No. Beam I II III rl V VI VII VIII -' 
38 I 011134 .05597 .01889 .00791 .00304 000026 -000255 -.00736 
II .05602 .06999 ,,04330 .01360 ,,00552 .00193 -.00030 -000256 
III .01889 004330 .06456 004091 001252 0005ll .00193 ,,00026 
IV ,,00791 .01360 .04091 ,,06350 004050 001252 .00552 000304 
39 I .. 09124 005381 ,,02576 .01427 000752 .00268 -.00166 - .00608 
II 005381 .06557 004060 001848 .00994 .00492 .00123 -000167 
III ,,02576 .04060 ~05261 003616 001598 000879 .00492 .00268 
IV .01428 .01848 003616 005012 ,,03502 ,,01598 000994 000752 
40 I ,,12098 .. 05533 .,01325 . ,,00369 000109 -.00003 -.00120 -000559 
II .005545 .07463 .04492 001044 000276 000079 -.00015 -.00135 
III ,,01325 .04491 001185 .04397 n01013 .00266 000079 -000005 /' 
IV 000369 .01044 ,,04397 .07153 ,,04388 .01013 .00276 .00109 
* For values of parameters for a given Set Noo, refer to Table 13. 
\ 
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TABLE 19 
INFLUENCE COEFFICIENTS FOR MOMENTS IN BEAMS AT MID-SPAN FOR UNIT LOAD 
MJVING TRANSVERSELY AT MID-SPAN OF CHANNEL BEAM BRIOOES 
Number of Beam Elements N=10 
Influence Ordinate for Moment = Coefficient x L 
* 
Moment Influence Coefficient at Center of Beam Set in No. Beam I II' III IV V VI VII VIII IX X 
70 I o "ll993 0,,07102 0,,03802 0002501 0001540 0000824 0000227 -0000341 -0,,00973 ~Ooo1675 
II 0007103 0,,08132 0,,05402 0002627 0001719 0,,01010 0,,00469 -0000005 -0000483 ~0,,00913 
III 0003802 0~05402 0,,06912 0,,04596 0002089 0 .. 01371 0000802 0000372 -0000005 -0.00342 
Dl 0,,02502 0,,02627 0004596 0006375 0,,04248 0~01881 0001213 0000802 0,,00469 0000227 
V 0001540 0001719 0.02089 0004248 0.06167 0004151 0,,01881 0,,01371 0,,01010 0000824 
i 
0009956 0006628 0,,04080 0,,02860 0,,01954 0000528 ~0000764 -0.01326 f-J 72 I 0.01205 =0.00121 \--I f-J 
II 0,,06629 0007058 0005103 0,,02991 0,,02050 0,,01338 0,,00739 0000190 =0000333 -0,,00765 I 
III 0,,04081 0005103 0,,05905 0004248 0~02358 0,,01601 0001045 0000591 0000190 -0000122 
IV 0,,02860 0002991 0~04248 0005267 0,,03795 0.02068 0001458 0,,01045 0,,00739 0000528 
V 0~01954 0.02050 0002358 0~03795 0~04976 0,,03654 0002068~. 0001601 0,,01338 0,,01205 
74 I 0,07859 0,,05630 0003700 0.02647 0~01930 0,,01393 0000958 0000589 0000272 0,,00023 
II 0005630 0005805 0004477 0002923 0002089 0,,01515 0,,01084 0000740 0,,00464 0.00272 
III 0003700 0004477 0,,05004 0.03899 0,,02501 0,01788 0.01318 0,,00984 0,,00740 0000589 
IV 0002647 0002923 0,,03899 0,,04577 0~03596 0.02306 0001692 0,,01318 0.01084 0.00958 
V 000193? 0002089 0,,02501 0.03596 0,,04382 0,,03500 0.02306 0,,01788 0,,01515 0,,01392 
75 I 0,,12101 0007122 0,,03781 0,,02473 0001508 0000798 0,,00212 ~0000346 -0000970 ~O ,,01678 
II 0.07122 0,,09105 0.05412 0002601 0001697 0,00988 0,,00454 ~0.00010 ~0000481 ~0000971 
III 0.03781 0005412 0007883 0004614 0,,02075 0001360 0.00788 0,,00362 -0.00010 =0.00346 
IV 0.02474 0,,02601 0004614 0006440 0.04277 0,,01874 0001266 0000788 0000454 0,,00212 
V 0001508 0001697 0,,02075 0,,04277 0.06240 0,,04183 0,,01874 0001360 0000988 0,,00798 
* For values of parameter for a given Set No,,] refer to Table 13" 
TABLE 19 (Continued) 
Set * Mo~ent Influence Coefficient at Center of Beam 
Noo In Beam I II III IV V VI VII VIII IX X 
77 I 0009389 0.063014- 0.03762 0.02508 0,01703 0001114 0,00637 0000221 -0.00157 -0.00482 
II 0.06305 0006661 0.04905 0002870 0~01890 0.01255 00OQ78£ ,'0.00404 0000082 -0000158 
III 0003762 0.04905 0005734 0004258 0~02412 0001572 0001051 0.00682 0000404 0000221 
IV 0.02508 0.02870 0.04258 0.05270 0,,03938 0,,02209 0001473 0.01051 0.00786 0.00637 
V 0.01703 0.01890 0.02412 0.03938 0,,05067 0.03840 0002209 0~01572 0001255 0.01114 
79 I 0010909 0.06827 0003640 0002242 0.01408 0~00828 0.00376 -0000021 -0000412 -0000798 
II 0.06828 0007460 0005237 0.026960001628 0,,00990 0000540 0.00177 ~0<>00145 -0000413 
III 0003640 0005237 0006476 0.04594 0002269 0001350 0000820 0.00457 0,,00177 -0000021 I 
IV 0002242 0002696 0004594 0.06045 0.04314 0.02101 0.01271 0000820 0.00540 0000376 f-1 f-1 
V 0.01408 0001628 0002269 0004314 0~05876 0004235 0.02101 0001350 0.00990 0000828 J\) I 
80 I 0015383 0007414 0.02085 0000684 0.00236 0.00075 0000005 -0.00058 -0.00190 -0000633 
II 0007425 0009617 0.05889 0,,01595 0.00512 0.00177 0.00054 -0.00003 -0.00064 ~0000202 
III 0.02086 0~05888 0009123 0005716 0001535 0000492 0000169 0000052 -0000003 -0000059 
IV 0.00684 0.01595 0.05716 0.0906? 0.05695 0001528 0000489 0.00169 0000054 0000005 
V 0.00237 0000512 0001535 0.05695 0009056 0.05693 0.01528 0000492 0000177 0.00075 
* For values of parameter for a given Set Noo) refer to Table 13. 
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TABLE 20 
FRACTIONS OF A WHEEL LOAD FOR BEAMS OF ONE 
:: LANE BRIDGES WITH SLAB AND BOX BEl\.MS 
(a) Exterior Beam 
Set* b = 4 fto7 N = 4 b = 3 ft., N = 4 f) 
No. e = L/2J C = L 11;** C = L/4, C = L!2, c = L!4;** C = L/lOb b 
x = L/2 x = L/2 x = L/4 x = L/2 x = L/2 x::.: L/4 = L 
41 0.508 0·519 0·507 0.483 0.499 0.478 0.1880 
42 0·508 00510 0·509 0.488 0·500 00484 0.1429 
43 0.508 0·505 0·510 0.492 0·500 0.489 0.1044 
44 00507 0·503 00510 00493 0·500 0.491 0.0870 
45 0·505 0·500 0·507 00498 0·500 00497 0.0400 
46 0·506 0·501 0·508 0.496 0·500 0,495 0.0526 
47 00506 0·501 0·508 00497 00500 00495 000407 
48 0·505 o.?oo 0·507 0.497 00500 00497 0.0339 
49 00505 0·500 0·506 00498 00500 0.497 0.0250 
(b) Interior Beam 
Set* b = 4 it.) N = 4 b = 3 ft 0, N = 4 f) 
No. e = L/2, C = L/~** C = L/4J C = L/2J C = L/~** e = L!4; b 
x = L/2 x = L/2 x = L/4 x = L/2 x = L/2 x = L/4 = -L 
41 00526 00494 0·536 00517 00501 00522 001880 
42 00519 0.496 00524 00512 0·500 00516 001429 
43 0·511 00492 00514 00508 00500 00511 001044 
44 0.508 0.499 00511 00506 00500 00509 0.0870 
45 0·502 0·500 0·502 00502 00500 00503 0.0400 
46 0·504 0·500 00505 0.504 0~500 0·505 000526 
47 0·503 00500 0·505 0.'504 00500 0·505 0.0401 
48 0·502 0·500 0·503 00503 00500 0·503 0.0339 
49 0·501 0·500 00502 00502 00500 00502 0.0250 
* For values of parameters for a given Set No.) refer to Table 13. 
** Also for C = L/2) x = LAo 
I 
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TABLE 21 
FRACTIONS OF A WHEEL LOAD FOR BEAMS OF ONE I ' 
LANE BRIDGES WITH CHANNEL BEAMS ,,/ 
(a) Exterior Beam 
Set* b = 4 ft.; N = 4 b = 3 fto) N = 4 ~ 
No. e = L/2) ·c = L ~l!j**. e = L/4) c = L/2, c = L/4~ c = L/4) bh L/2 : x = L/2 x = L/4 x = L/2 x = L/2" x = L/4 =--x = Lt av 
50 0.560 0·557 0·563 00482 00485 0.480 0.600 
51 00553 0·547 00558 00485 0~488 00483 0.450 
52 00541 00529 00547 00489 00493 0.486 0·300 
53 0·533 00530 00536 00485 00493 00482 0·300 
54 0·518 00508 00524 00493 0.499 0.491 0.150 
55 0·562 00559 0:1>.564 0.482 0.485 0.480 0.637 
56 00540 00543 0.540 0.481 00488 00477 0.425 
57 00525 0·517 00530 0.490 0.496 0.487 0.213 
58 0·543 00550 00541 0.475 00482 0.472 0.600 
59 00533 00530 00537 00486 00493 0.482 0·300 
60 0·537 0·547 00532 00468 0.475 0.465 00848 
(b) Interior Beam 
Set* b = 4 ft"; N = 4 b = 3 ft.) N = 4 ~ 
Noo e = L/2, c = L4p, e = L/4, c = L!2, e = L!Ii)**. e = L!4, bh 
x= L/2 x = L/2 x = L/4 x = L/2 x = L/2 x = L/4 = L-t av 
/' 
50 0·512 00506 00515 0.518 0·515 0·520 00600 
51 00508 00502 0·511 0·515 00512 00517 0.450 
52 00505 00500 00507 0·511 0·507 0·514 0·300 
53 00513 0.499 00518 00515 0·507 00518 0·300 
54 0·505 00499 00507 00507 00502 0·509 00150 
55 0·512 0·506 0·515 00518 00515 0·520 00637 
56 0·520 0·503 00527 0·519 0·512 00523 0.425 
57 0·508 00498 00512 00510 00503 0·513 0.213 
58 0·528 0·512 00536 00525 00518 0·528 0.600 
59 00512 0.499 0·517 0.514 0·507 00518 0·300 
60 00544 00528 00552 0·532 0.525 00535 00848 
* For values of parameters for a given Set Noo) refer to Table 13. 
** Also for c = L/2, x = L/40 -
aol15~ 
.' 
TABLE 22 
FRACTIONS OF A WHEEL LOAD FOR BEAMS OF TWO 
LANE BRIDGES WITH SLAB AND BOX BEANS 
(a) Exterior Beam 
b = 4 ft." N = 8 b = 3 ft 0) N = 10 13 
Set* c = L/2, c = L/~** c = L/4, Set* c = L/2, b 
x = L/2 x = L/2 x = L/4 x = L/2 = -No. Noo L 
21 0·576 00611 0.565 001880 
22 00570 0·590 0.569 62 00489 0.1429 
23 0.561 0.566 0.567 63 00470 0.1044-
24 0·554 0.,548 0.563 0~0870 
25 0.,531 00514 00542 65 0.442 0.0400 
26 0·541 0·523 00553 66 00453 0.0526 
27 00540 0·520 0·551 0,,0407 
28 0·534 00511 00545 000339 
29 0·531 0.506 0·541 69 0.,438 0.0250 
(b) Interior Beam (Beam III) 
b = 4 ft., N = 8 
·c = L/4, 
b = ;2 ft. z N = 10 13 
Set* c = L/i, c = L/U,ii 8@t* c' = L/§., b 
No. x = L/2 x = L/2 x = L/4 No", ' ' x :: t/2 = -L 
21 0.685 0'.617 0.719 0.1880 
22 0.647 0·577 00679 62 0.519 0.1429 
23 0.617 0·550 0.646 63 0.486 0.1044 
24 0·596 0.534 00623 0.0870 
25 0·549 0·506 0.565 65 0.447 0.0400 
26 0·568 0·515 00589 66 0.463 0.0526 
27 0·563 00513 00583 0.0407 
28 0·551 0·507 00568 0.0339 
29 0·542 0·504 00556 69 0.442 000250 
* For values of parameters for a given Set Noo, refer to Table 13. 
** Also for c = L/2) x = L/4. 
I I 
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TABLE 23 
FRACTIONS OF A WHEEL LOAD FOR BEAMS OF TWO 
IANE BRIDGES WITH CHANNEL BEAMS 
(a) Exterior Beam 
b = 4 ft~:; N = 8 b = 3 ft,,) N = 10 B 
Set* c = L/2; c = L/~ c = L/4, Set* c = L/2:; bh 
x = L/2 x = L/2 x = L/4 No. x = L/2 =--No. Lt av 
30 0.674 0.692 0.666 70 0·570 0,,600 
31 0.676 0.690 0.671 0,,450 
32 0.665 0.668 0.669 72 00569 0·300 
33 00628 0.656 00619 0·300 
34 0·599 0·591 0.610 74 0·513 0.150 
35 0,,673 0.690 0.665 75 00569 00637 
36 00622 0.655 0.606 0.425 
37 0.619 0.631 00621 77 0·531 0.213 
38 0.603 0.633 0.586 0.600 
39 0.629 0.655 00621 79 00538 0·300 
40 0·563 0.587 0.548 80 00491 0.848 
(b) Interior Beam (Beam III) 
b = 4 ft,,) N = 8 b = 3 ft.) N = 10 B 
Set* c = L/2) c = L/4#*- c = L/4) Set* c = L/2) bh 
x = L/2 x = L/2 x = L/4 No. x = L/2 =--No. Lt av 
30 0·715 0.696 0·725 70 0.565 0.600 
31 0.699 0.678 0.711 0.450 
32 0.673 0.647 0.687 72 0·549 0·300 
33 0.697 0.655 0.718 0·300 
34 0.624 0·577 0.647 74 0.514 0.150 
35 0·717 0.700 0.727 75 0.588 0.637 
36 0·730 0.693 0.749 0.425 
37 0.661 0.616 0.683 77 0·537 0.213 
38 0.759 0·730 0·775 0.600 
39 0.696 0.655 0·717 79 0·555 0·300 
40 0·793 0.772 0.806 80 0.614 0.848 
* For values of parameters for a given Set No.) refer to Table 130 
** Also for c = L/2) x = L/40 
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Appendix A 
TORSIONAL RIGIDITY OF NON-CIRCULAR SECTIONS 
A-lo General 
The torsional rigidity of a section is the torque required to 
cause a unit angle of twist in a unit length of the member. This can be 
stated mathematically as follows 
T = JG e (A-I) 
where T = torque 
JG = torsional rigidity, J being the torsional-rigidity factor) and 
G the shear modulus of the material. 
e = angle of twist per unit length of the member. 
For elastic torsion of non-circular sections, the differential 
equation in terms of Prandtl v s function is as follows: 
- 2G e (A-2) 
in Which ~ is a stress function which has a constant value at a free 
boundary; the shearing stresses due to torsion are given by its partial 
derivatives as follows~ 
cnv. 
1'yx = dz ) TSX = (A-3) 
Where l' = shear stress along the y-axiS yx 
1" = shear stress along the z-axis 
zx 
T = shear stress along a curve s wi th outward normal n 
sx 
Equation A-2 is of the same form as obtained for the deflection 
of a membrane subjected to a constant pressure. It is found that the 
'-14.2-
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height of the membrane is analogous to 1/r.) the slope of the membrane analogous 
to the shearing stresses) and the volume under the membrane corresFonds to 
half of the torque on the section. 
Furthermore) in any section as shown. in Fig. A-l) the following 
result also holds~ 
f 1" ds = 2G e A sx 
where 1" = the shear stress along any chosen core say ABeD in Fig. A-l 
sx 
A = area of core ABCD f = integral around the periphery ABeD. 
(A-4) 
The above relations are used here to derive the torsional rigidity 
factors. 
A-2o Box Sections 
Taking H as the height of the membrane (Fig ~ A-2) and neglecting 
the curvature of the membrane through the thickness) the torClue T can be 
expressed as follo~: 
T 
Shear stress ~ 5.X along AB is H/t2 and along Be it is H/t1 . So applying 
Eq. (A-4), ".Ie r.ave 
( E \f~_+ )(2) 
• 1\" "2 
"1 
+ 
From Eqs. A-l and A-5) 
H = JG e 
(A-5) 
(A-6) 
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Substituting this for H in Eq. A-6 and simplifying} we find 
J (A-7) 
To check the accuracy of the above expression for J, the section 
shown in Fig. A-3 is analyzed by solving the differential Eq. A-2 using 
finite differehce method. The dimensions of the section are so chosen that 
it has the maximum b/h ratio of standard AABHO-PCI sections and the thick-
ness is larger than these sections. The error of J calculated from Eq. A-7 
as cbmpared with the ffexact n one obtained by solving the differential 
equation is therefore expected to be the largest of all the sections. 
Because of s yrmne try, only a quandrant of the section n=ed be con-
sidered. On the inner boundary, 'IV has a constant value, say 1V1.1" On -the 
outer boundary, * = O. As shown in Fig. A-3, twelve unknown * values,· * , 
o 
*1 .... *11 are involved. Eleven equations are obtained by applying the 
finite-difference operator corresponding to Eq. A-2, 
v = -2G e c 2 (A-8) 
to points 0 through la, where c equals the panel length, 3 in. in the 
present case. The last equation is obtained by applying Eq. A-4 in which 
't"sx = t l1/ 2c . The equations thus obtained are as follows~ 
4VO- 21Jr1 
-1Jr0 +4t1- 0/2 
- 1Jr1 +40/2- t3 
- 0/ +4t - 0/4 2 3 
- If +40/4- 0/ 3 5 
lJr4+40/5- t6 
0/5+40/6- 0/7 
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- *6+40/7- *8 
- *7+40/8- 0/9 
-0/ -20/ -20/ -20/ -20/\,.-20/ -20/6 
o 1 2 3 tt= 5 
Solving Eqo A-9 by iteration) yields 
0/
0 
= 2,.932 (~G e c 2) 
0/1 = 2.931 (2G e c
2) 
0/2 = 2.929 (2G e c
2) 
0/3 = 2.924 (2G e c
2) 
0/4 = 20906 (2G e c
2) 
0/5 20834 (2G ec
2) 
0/6 = 2·554 (2G e c2) 
0/7 = 1.524 (2G e c
2) 
0/8 = 2.555 (2G e c
2) 
0/9 2.830 (2G e c
2) 
0/10 = 2·900 (2G e c2) 
0/11 = 20877 (2G e c
2) 
2 
- 0/11 = 2G e c 
2 
- 0/11 = 2G e c 
- lJr11 = 2G e c 
2 
2 
- 0/11 = 2G e c 
0/11 = 2G e c
2 
- 0/11 = 2G e c
2 
o/ll -, 2G e c2 
= 2G e c2 
2 
- 0/11 = 2G e c 
(A-9) 
To obtain the yolume under the V-'surface" Simpson ~s rule was applied tmce; 
first to calculate areas of cross sections of the surface at equal distances 
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(noting also that the w-surface is flat over the hollow); and second, to 
obtain the volume. Thus, we find 
So 
and 
Volume 1.ll1der lk-surface = 479.9 .cc2) (2G e c2) 
T = 2( 479.9 x 2G Bx34) 
= 155500 G e 
J = 155500 ino4 
Using Eq. A-7, we obtain for the same section 
J = 148200 in" 4 
which is 95.4% of the "exact" J given by A-10 
(A-10) 
It may be assumed} therefore} that the maximum probable error in 
the calculation of J by Eq. A-7 is about 5 percent 0 
A-3o Slab Sections 
For solid slab sections values of J obtained from the solution of 
the differential equation A-2 are available in the literatureo These are 
given by 
_ 3 
J .- k1 bh ) b > h (A-ll) 
in which y~ der-:1is upon the ratio blho Values of kl from Ref 0 11 are given 
in Sec.tion 16. 
For sla~-sections with circular holes, use of the membrane-analogy 
is too tedious, 50 a simpler approach. is used. For the box-section of 
Fig. A-3~ we may dete~ne J as the difference in the values of J for the 
outer and inner rectangles using Eq. A-ll. This gives 
which is 11 percent greater than the flexact" J given by Eq. A-10o It. is 
conceivable that the error in this procedure will decrease as the size of 
holes decrease in relation to the size of the member) becoming zero when the 
holes disappear 0 The holes in the above example are 42 percent of the' total 
area) whereas the percentage of holes in standard AABHO-PCI s:ections varies 
:from 1805 to 30 percent 0 The error is therefore expected to be smaller than 
11 percent in the sections used 0 Putting this procedure into algebraic terms, 
we get the following formula for J for hollow slab sections~ 
(A-12) 
Where d is the diameter of a typical hole. 
A-4o Channel Sections 
Using the concepts of membrane analogy) the area of the channel 
may be di tided into the three rectangles shown shaded in Fig 0 A-4o Consider-
ing the volume under the bulge of the membrane, the area of the corner is 
taken ~th that rectangle which has the greater thickness. Here, since 
t_ > t 4, the area of the corners is taken with the vertical legso Furthermore, ) . 
the shape of the membrane at the ends Be and EF or the rectangle BeEF is 
approximately the same as in an infinitely long membero Consequently the 
factor kl takes the value of 1/3 for rectangle BeEF as for a member of 
irrfini te length. Therefore,? we get the following formula for J for c.harmels ~ 
(A-13) 
Again to check the accuracy of this formula, the arbitrary section 
shown in Figo A-5 was analyzed by solving the Eqo A-2 by the finite-difference 
method. Taking the nodal points as'shown in Fig. A-5, ~iting the equations 
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using the operator in Eqc A-9J solving the equations for *1 through '~15' 
and finally finding the volume under the *-surface using Simpson ~ s rule J 
we obtain 
Calculating J from Eqo A-13, we have 
J = 7954 i.no 4 
(A-14) 
which is 9802 percent of the Uexact" J given by Eq. A-14. Thus) the error 
in J based on Eq. A-13 is small and this equation was adopted for computing 
J for channel sectiollSc 
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Appendix B 
DESCRIPl'ION OF COMPurER PROGRAM 
B-lo Purpose of Program 
The computer program used in this thesis may be divided into three 
main :parts ~ 
( a) Computation of coefficients QIl ) QI, .0 0 ~ SIll;, sIIII of the 
- 0 0 + 
unknown forces qj) r j and S j in equations of ~able 5 given in Chapter DI, 
from given values of the dimensionless paramTters for the bridge kJ i, a, 
etc. 
(b) Generation and solution of the equations of Table 5 using the 
computed coefficients in (a) above 0 
( c) Computation of moment-coefficients (M.) in the various beams 
-J m 
of the bridge, using Eqso 53 and 55 of Chapter DI. 
B-2. Library Subroutines 
The ILLIAC, the University of Illinois high-speed computer, was 
used for the computations mentioned under B-lo The following subroutines 
of the ILLIAC Library were used~ 
(1) Nl2 - Input of a sequence of signed integers or fractions~ 
(2) P16 - Output of integers or fractions. 
(3) L6 - Solution of algebraic linear simultaneous equations. 
B-3o Input Data and Preset Parameters 
The input to the program consists of the signed dimensionless-
parameters in the following order ~ 
-15Q.-
The data for each set of ~arameters (Set noo through ~) are followed by a 
character N for all sets except for the last set which is followed by a 
character J. Parameter z' /b is followed by N. Values of k, ~ and a are 
scaled by 10-2 and z/b and z~/b are multi~lied by -1 before input 0 
Sample Input 0 For two bridges} let us have the following data~ 
Set. Noo k i a z/b R 
21 o~6 0~08 1l~4 -0034 o 
31 5eO 0010 8004 019 01288 
Q 
o 
00055 
~ 
01429 
0150 
-0034 
-0084 
The corresponding input to the program will be as below~ 
+21 + 006 + 0008 + 114 + 034 + + + 1429 N + 034N 
+31 + 05 + 001 + 0804 - 19 + 1288 + 0055 + 15 J + 084N 
Next) some of the preset ~arameters depend u~on the number of 
beam elements) N) and the increment of the Fourier terms) .6mo These are 
as follows~ 
MEMORY 
LOCATION 
2 00 F 00 x2 F 
4 00 F 00 x4 F 
5 00 F 00 x5 F 
6 00 F 00 x6 F 
9 00 F 00 x9 F 
10 00 F 00 ~OF 
11 
12 
PRESEr 
PARAMETER 
where x =.6m 2 
x4 = 310 + 3(N-l) 
x = 3(N-l) 5 
x6 = 655 for N ~ 8) 490 for N=10 
x9 = 338 + 3(N-l) 
~O= 900 for N=4j 561 for N=8; 
991 for N=10 
~l= 615 for Route 16-17-18-20-25; 
645 for Route 16-18-25 
The end directive is 24 34 N for N ~ 8 and 24 960N for N=10. 
I 
......J 
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B-4o Flow Diagrams 
The master flow diagram for solving the problem on the ILLIAC is 
shown in Figo B-lo A brief explanation of the various steps is given below~ 
step 1. The input data is read into specified locations by means 
of library subroutine N120 
steps 2 and 3. Set the switch a to stop if data for last problem 
are read. 
Steps 4 through 8 are self explana -Cory . 
Step 90 CF is an open subroutine in ~hich the coefficients of 
forces q, r and s in equations of Table 5J 
terms Xl) X2 are computed and stored in consecutive locations in the following 
order~ 
SIll 0 Xl) X
2 +1 ' 
Step 10. LD is an open subroutine in which the load vectors are 
generated using ~"X20 Fig. B-2 shows the flow~diagram for LD in which 
first" all the terms of the load vector are made zero) and then depending 
upon the load position specified by}, the load terms are set. 
Step li. Counters iJ j are utilized by subroutine EQ,o 
Step 12. L6 is standard subroutine in the Illiac Library for 
solving linear algebraic simultaneous equations 0 It transfers control to 
any desired program which may be used to generate the equations one at a 
time. L6 then triangularizes the equation in conjunction with others already 
read. 0 After all the equations are read and. triangularized, the llilknowns are 
successively found by back substitution 0 
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ste-p 130 Control is t.ransferred from L6 to EQ wbich is a c,losed 
subroutine for generating the equations y one at a time) using the coefficients 
computed and stored under Step 9" The flow·2 .diagram for EQ is shown in Fig. B-3 
and the form of equations thus generated is given in Table 50 
Control from L6 may be transferred to Q.R or M as desired by changing 
a preset :parameter accordingly 0 Thus)' if desired,r Step 14 can be bypassedo 
step 14. QR is a print routine to print out the forces q 0) r 0 and 
J J 
s.~ Control is transferred to it from L6 by modifying the preset parameter 
J 
in Locat,ion 100 This part of the program was used for N=4 by setting the 
J?reset paramet~r in Loc,ation 10 to 900~ 'QR transfers control to 110 
SteJ? 150 M is an open subroutine in which the moment-coefficients 
(M.) are computed from the values of q., r 0' S oj etc., according to Eqso 53 
-J m J J J 
and 55" The flow-diagram for M is sho"WIl in Figo B-4. 
Now control may be transferred to Step 17 and then through 18 to 
Step 20 or to Steps 18 and 25 airectlyo This is achieved by setting the 
S-J?arameter in location lio The former route is applicable for a load placed 
at the center of t.he bridge and results in finding moments at. mid,-points of 
beams} that is, c =. L/2J x:=: L/2. As is clear from the flow~dia.gram"o the 
route through Steps 17 and 20 tbx'ough 24, reslJl ts in the computation of 
est.j.rnated terms for m=9 through co and the total moment for all terms 0 The 
direct route on the other hand only gives the moments for specified m-values" 
step 19. Modification of m-value is affected by adding a preset 6rn 
value each time to the old m~ Thus 6m is set equal to 1 when the d.irect-
route (Steps 16; 18 25) is followed and equa.l to 2 when route 16-,17 -18-20~24 
is followed. because Fourier terms for c == L/2" x = L/2 vanish for even values 
of mo 
J 
-155-
The other steps are self explanatory. 
The program in its present form can be '~sed for number of beams 
N ~ 10, m~. < 6600 and k < 600 
;:-
B-5o Output 
As stated in Section B·-4.s the form of output depends upon the 
alternative routes followed. It was also mentioned how the transfer to 
a particular route is accomplishedu The following information is obtained 
based u~on the route specified~ 
(a) N = 4, Joint Forc.es and Beam Moment.s (Route ~ 12-14-15-16-·18-25) 
Set no.; j (values 1~ 2); m (values 1 through 7); values of 
forces q., r and s at various joints and moment-coefficients M in various 
beams . 
(b) N = 8, General Moment-·Coefficient,s (Route ~ 12-15-16-18-25) 
Set no.; j (values 1 through 4); m. (values 1 through 7) and 
moment-coefficients M in various beamso 
(c) I~ = 8, Moment~·Coefficients for c _. L/2J x = L/2 (Route 12-15.,.<, 
18-20 ... 25) 
Set no.; J\ values 1 through 4); m (values 1J 3.~ 5" 7); moment-
coefficients P.:,..; Sur:i. of moments for m = 9 to 00 o_lstributed to the various 
beams; and su= o~ noment coefficients in each beam for all values of m. 
(d) H=lO Moment-Coefficients for c = Lj2J X =~ 
Route and information same as (c.) except that L6 transfers 
control to Location 991 for transfer of information between drum and Wi11iam vs 
memory 0 
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B- 60 Memory Re quirements 
The memory requirements vary with the number of beams in the bridge. 
For N ~ 8, all instructions, data and computations are contained in the 
Williams fast electrostatic memory. For N > 8, use of the drum memory becomes 
necessary . For N=lO for example, part of the program is transferred back and 
forth from the drum, so that computations could be carried out at high speed 
in electrostatic memory. The following is the breakdown of memory s:pace: 
MEMORY LOCATIONS CONTENTS 
o ~ 10 Temporary Storage 
2·· -.12 Preset Parameters 
13 - 20 Input Data 
21 - 33 Constants, Counters, etc. 
34 - 47 Program Steps 1,2,3 and computations for 
-6 -1 -4 
scaling of k, i and a by 2 ,2 and 2 ) 
respectively. 
48 Constant 1/2 
49 - 104 Subroutine P16 
105 - 266 Subroutine L6 
267 - 295 Computed Coefficients, by CF 
296 - 309 Load Vector, by LD 
310 
- 337 Generated Equation, by EQ 
338 - 366 Storage for L6 
367 - 405 Subroutine N12 
4D6 - 459 Subroutine EQ 
460 - 481 Program steps 10 and 11 
482 560 Program Step 9 
561 - 652 
655 - 927 
930 - 947 
950 - 957 
958 - 959 
960 - 969 
970 - 990 
991 - 998 
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Program steps 15 through 26 
Space for Triangularized Matrix, (by L6) 
Corrections 
Print a series of locations, PT 
Corrections 
Transfer from WM to drum memory, RD 
Summation of beam moments 
Transfer from drum to WM, WR 
B-7o Estima. tion of Running Time 
It can be seen from Fig. B-1 that for each set of parameters, there 
are two loops to be considered:' for each value of j, several values of m are 
to be considered, and then j is to be varied. Below are given the estimated 
average times for one value of j and one value of m: 
N 
4 
8 
10 
Estimated Time 
6 sece 
24 sec. 
45 sec. 
The total time may be computed by multiplying the above times by the total 
number of loops equal to (no. of parameter set.s) x (no. of load positions) x 
(no. of m terms) and adding 1 minute for reading the program into the computer. 
B-8o Availability 
The complete :program described above, including sample i.nput and 
output forms, coding sheets, operat.or' s instructions" and the actual ILLIAC 
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program tapes) has been placed in·the computer program library of the Civil 
Engineering Department under file No. l808T 0 There are four tapes correspond-
ing to the four types of output mentioned in Section B-5 and the leading end 
of each tape carries information corresponding to the subheadings under (a)) 
(b)) (c) and (d) of that section. 
I 
I 
-
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start 
1 
.-
1) Read ~ 
Parameters (lU2) 26) Modify J + ~ jnev :c JOId + 1 19 )J.k>di 17 B1 
m = mld + l::am ,ye\2) r 1 new 0 
Last Problem'? I 
6) 
• 
1 1 Print j 8) 
,) Set Switch a ~ Print m 
to Stop 7) In1 tie.li ze -~ 
Fourier Term mal 9) compute Coer'!. in 
.,. I Reeeur. Eqa. (CF) ~ 
4.) Print ~ 
Parameter Set lIo. 10) Genera.te Load 
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+ 5) In1 tiali ze Load Position j'ssl 11) Set Counters 
. ~ 
i = 0, J :IJ 0 
~ ,~ 
13) Generate One Eq. ~ 12)801. Simul. Eq. 
Subroutine (Eq) ~ Lib. Subroutine (1.6) ~r. 
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q, r, s (QR) 1---+---1 
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'" I ~ 20) Approx. Dist. of : M For m:-9 thru 00 16) Print M'a r-.. I , 
I .. 
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FIG. B-1 MASTER FLOW-DIAGRAM 
From 16 
Eq1) 
Plant Link 
Eq2) 
Compute 91 
Eq.3) Plant Addresses 
Clear Loc.r thru r 
n 
j 2: 01 
Eq5) Set Terms 
Left of Subdiagona.ls 
Eq6) Set Terms 
On Subdiagonals 
Eq Set Terms 
Right of Subdiagonal 
E(9) Set Load 
Term 
Eq13) Transfer 
Back to (L6) 
FIG. B;" 3 SUBRourINE (EQ) 
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From Step 9 
LDl) Clear Locations 
of Load Vector 
LD2) 
Plant Addresses 
To Step II 
FIG. B-2 GENERATE IJJAD VECTOR (LD) 
From step l2 or 14 
Ml) Compute Coeff. 
In Eqs. For !! 
M2) Set Outer <b s=0, 
Counter r = 1 
M3) Plant Addresses, 
Set Partial Sum Zero 
Add Partial M-
M6) Add Partial M-
Terms Due to (q, S) 
To step 16 ~~'--~ 
FIG. B-4 COMPurE M's (M) 
, 
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Appendix C 
CONVERGENCE OF BEAM MOMENTS 
C-lc Convergence of the Sum of Beam-,Moments ir.. Transverse Direction 
According to Eq~ 60 the 81Jm of moments in all the beams of a bridge 
for any m is given by 
N 
I 
j=l, 200 
(Myj ) m _ 2 . mnc . mJO( 
PL - 22' Sln L ·Sln L ( 60) 
m n 
and this was shown to be equal to simple-s:pan mom.entJ Eq~ 58.9 in Section 250 
Therefore) the infinite series for the sum of all the beam··,moments is 
2 . m:n:c • m:n:x 22 Sln L Sln L' 
m Jt 
To prove the convergence of this series, let us consider another series 
1 
2 
m 
tb The m . term of the series converges to zero when m tends to 00 0 So the 
series may converge or diverge. Taking a function rex) = 12,r the integral 
:x. 
test is performed below~ 
Jco 1 Jb 1 2 ax = lim 2 d.x = lim 1 x b-+co 1 x b....".ro = lim b~ co 1 [1 ~, -J = 1 b 
Since the integral has finite value J the sum of series obtained from terms 
( ~) does exist 0 So the series 1 2 converges. Since each term 
x x=m 
m=lJ2o 0 m 
, -162~ 
of the serie's ~ ; i 'n11LC • mnx. . th 1 t 1 th s n L Sln L lS el er equa -0 or ess an t:q.e 
m 
m=l" 2,.". 
c.orres:ponding term of the series considered above" this series is uniformly 
conver.gento Also; since the multiplication of each term of a series by the 
same constant does not affect its convergence, the series for the sum of all 
2 beam moments which involves the constant. "2:' must also converge. 
1L 
C·~2 ~ Convergence of Individual Beam Moments 
The theorem of minimum complementary energy is used here to prove 
that the moments in each beam-element are convergent 0 Thi,s theorem may be 
stated as follows~ 
The complementary energy has an absolute minimum value for the 
equili bri Ull1 state of stress which produces cqIIl];.a.tible deformations n 
Let us consider a beam in two st,a.tes of eq1J.ilibrium~ first., 
separated from the adjoining beams so that compatibility conditions are not 
sat.isfied along the edges; second] as a part of the bridgeo 
If for any m., complementary energy in the i,ncompatible case is 
(V. ) and tha.t i_n the compatible case is (V ) s then we have 
• lorn C m 
(v) < (V.) 
c m l m 
The complementary energy in the incompatible case is given by 
(neglecting shear deformations) 
(M .)2 pm 
2EI dx 
Y 
Since (M.) for any Fourier term m may be represented by pm 
(M) (-). m1LX yi m = Myi m Sln L 
( C-l) 
(C-2) 
therefore 
(v.) = JL 
l m 
o 
Integrating, 
(M )2 . 2 m1CX 
. yi m Sln L 
2 EI 
Y 
(C-3) 
In the com.patible case, neglecting shear again.? the energy will 
include bending about both the y-axis and the z-axis> twisting about the 
x-axis and the axial deformations 0 In any beam subjected to the above 
types of deformations, it can be shown that the complementary energy is 
gi ven by the following (14) ~ 
Substituting the moments and forces in place of some of the derivatives 
from Eqs. 8} 13 and 16 and summing for all beams} 
(Vc)m = ! l L[CM .)2 (M j)2 EC d2 (CP.) 2 GJ d(cp.) 2 YJ m z h m ~/ J m) \.n) r J m) o 2 EI + 2 EI + 2" 2 + 2' dx 
Y z d.x 
j=l) 2 .. 
From Eqs. 30} 32) 34 and 24, it is seen that (Myj)m) (Mzj)m' (~j)m and 
( cP .) are all sinusoidal and may be represented as follows ~ 
J m 
(M ) = yj m 
(- . m:n:x M.) Sln L YJ m 
(M ) = 
zj m 
(- . mJl:x M.) Sln L 
Z,] m 
(~) = j" m 
f-) . mm<: \.~. Sln I J m l 
(cpj)m - . m:fCx = (cp.) Sln L 
. J m . 
( C-5) 
( c-6) 
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in which the quantity under bar in each case represents the maximum amplitude 
of the sine waveo Substituting these in Eq. C-5 and performing the 
integratio ns" 
~N [L(M .)2 L(M .)2 L(Q .)2J (V) = YJ m xJ m 2:..( 41(4EC 2~" TT 2) (-cp ) 2 2cJ m (C-7) c. m . 4 EI + 4 EI + L3 m +m \.nJ .Lr j m + 4 AE 
.12 Y z J= , 0 0 
It may be noted in Eq. C-7 that the third term ariSing from the angle of 
twist (cp.) may be expressed in terms of the torque T .' If 
J'm xJ 
- m1tx (T .) = (T.) cos-L XJ m xJ m 
it can be shown from Eqs. 24 and 35 that 
Therefore) 
N 
(Vc)m = L 
j=l, 2. 0 
= L3(Tx)! 
4(m2~C + GJL2) (c-8) 
(c-9) 
Substituting values of (V.) and (V) from Eq. C-3 and C-9 into 
l m c m 
It is evident that each term in Eqo C-10 is positiveo Therefore, each term 
on the left hand side must be less than the right hand side. Thus 
\ 
i 
....-J 
and 
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L(M .) 2 
YJ m < 4 EI 
Y 
L(M .) 2 pm 
4 EI 
( C-ll) 
The moment M . in the incompatible case is in ~act the simple span 
Yl 
moment -which is also equal to the sum of all beam moments 0 Thus Eq .. C-ll 
shows that the individual beam moment is less than the sum of all beam-
moments 0 In Section C-l it was proved that the sum of beam-moments is 
convergent. Therefore, it follows that the moment in any individual beam 
also must be convergent. 
Appendix D 
DERIVATION OF THE MErHOD OF ANALYSIS BY ENERGY MEI'HOD 
The total energy in the br~dge Wconsists of the strain energy U 
of the beam elements and the potential energy V of the external loads p . 
~J 
and the joint forces '1., r. and s.. Algebraically 
J J J 
W = U + V 
It can be shown that, in terms of the displacements U~, v~ and 
J J 
w~ and the angle of twist q:> j' the strain energy is given by (14), 
N 
u= L 2 0 2 0 2 JL [EI d w. 2 EI d y. 2 EC d q:>', 2 , -..JL (----s1) + _z C-J) + _ (----.J.) 
'0 ' 2 ' dx2 2 dx2 2 dx2 ' 
j=l, 2 •.• , 
GJ. dq:>. 2 EA du~ 2]ax + _ (~) + _ (_J) 
2 dx 2 dx 
(D-l) 
(D-2) 
The vertical deflection at y. = e. and the relative displacements 
J J 
at joint j between the elements j and j+l (if such relative movement were 
permitted) are found from Fig. 6 and Eqs. 25 as follows: 
(v.) 
J e Wj + e.cp. J J 
(D.-3) 
o 0 
G G dw. dw. 1 ( ) ' (-.l.' _ J+) U. - u j 1 = UJ' - UJ'+l - z' d.x.' ax J + 
o 0 
b dv. dV' l dcp. dCP'l 
_ - (-.-.J. + J+) + n (~ + ~) 
2dx'dx dx dx 
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j 
.....; 
( 
where" 
U., v., w. = displacements of element j at joint j 
J J J 
U j +l , v w = displacements of element j+l at J'oint J' j+l'? j+l 
The potential energy is then given by 
v = - .JL [q. (u. - u. 1) 
. 0 J J J+ 
j=1,2.o 
+ rj (iT. -. v. 1) + s. (w. ~ w. 1) 1 J J+ J J J+ jix (n-4) 
Representing the loads by Fourier series as before and consider-
ing one term at a time, the forces q., r. and s. can be represented as shown 
,J J J 
by Eqso 21 and the displacements as follows, 
( G) (- ) rome u j m = u j m cos L 
( 0) (- ) . mme iT j m = iT j m Sln L 
(w~) = (w.) 
J m J m 
(cp.) = (cp.) 
J m J m 
. mme 
Sln --L 
. .mme 
Sln --L 
(D-5) 
Substituting these sinusoidal forms in Eqs. D-2, ~3, and D~4J and putting 
the resulting expressions for U and V into Eq. D~lJ 
2 2 [ 22· 2 2 m rc m rc -2 m 11: -2 
.l+L EI -2- w. + EI -2- v. 
Y L J Z L J 
j=l, 2, 0 0 
-2 -2J CPo + E.A. u. 
J J m 
N 
- I 
j=1,2) 0 0 0 
N-l 
- I 
(n-6) 
Minimizing the total work and noting that for each element j two joints 
j-l, j are to be considered, 
C(W)m m2 n2 - L _ _ ) 
:::-. '= -2L EA Cu.) - -2 [q. - q. 1 = 0 
o u. J m J J- rn 
J 
c(w) 4 4 
m m jT EI (-) bm11: [- - ] L [- - ] 0 ~d-V~j- = 2 L3 z Vj rn + ~ qj + qj-l m - 2 rj - r j _l m = 
c(W)m m4~4 _ L _ t 
= _H_, EI (w) _ _ (p ) z rn11: [- - 1 ( 7) 
d W j 2 L3 y j'm 2 j m + -2- qj - qj-l m D-
L [- - ) 
- 2 Sj - Sj_l m = 0 
c(W) 2 2 2 2 2 e.L n 
m m rc ( - -L (- ~,mrc [- - ] ~ =--~ ECmrc +GJL)(CP.) - 2 P.) --2 q. +q·l 
o cP j 2 L) . J m J m J J - m 
zL - - 1 bL [- - ] 
+ ~ [r j - r j _l m - ~ Sj + Sj+l m = 0 
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Rearranging Eqs .. D-7, 
_ L4 
(w ')m = 4 4 
J m j'( EI 
[ (SJ' - s. 1) - mL~ (q. - q. l)ZU + P.] J- J J- J m 
Y 
_ L4 
(v')m= 44 
J m 11: EI 
z 
(D-8) 
+ S. 1)~2 - (r. - r. l)Z J- J J-
+ mL1l (q. + q. 1) n + P. e .] 
J J- m J J m 
Substi tuting Eqs. D-8 into Eqs. D-5) it is found that the 
resulting equations are the same as Eqs. 230 The derivation of the 
method beyond this point follows that given in Chapter II. 

